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EIGHTH SUMMER MEETING OF THE ASSOCIATION. 


THE EIGHTH SUMMER MEETING OF THE ASSOCIATION. 


The eighth summer meeting of the Mathematical Association of America 
was held by invitation at Vassar College on Wednesday and Thursday, September 
5-6, 1923, in conjunction with, and immediately preceding, the summer meeting 


of the American Mathematical Society. 


One hundred fifteen were present at 


the meeting, including the following seventy members of the Association: 


H. L. Acarp, Williams College. 

N. ALTSHILLER-Court, University of Oklahoma. 

R. C. ArcuiBaALp, Brown University. 

G. N. ArmstronaG, Ohio Wesleyan University. 

Criara L. Bacon, Goucher College. 

Ipa Barney, Yale Observatory. 

Mrs. ErHELWwynN R. BEcKWITH, 
University. 

Suzan R. BeneEpict, Smith College. 

B. A. BERNSTEIN, University of California. 

Harry Brrcnenovuay, N. Y. State College for 
Teachers. 

E. W. Brown, Yale University. 

H. 8S. Brown, Hamilton College. 

J. A. Butuarp, U. 8. Naval Academy. 

W. G. Butuarp, Syracuse University. 

R. W. Burcess, Brown University. 

W. D. Carrns, Oberlin College. 

G. M. Conwetui, N. Y. State College for 
Teachers. 

LENNIE Cope.anp, Wellesley College. 

G. W. CreEetman, Hotchkiss School. 

D. Cumminos, Vassar College. 

C. E. Dimicx, U. 8S. Coast Guard Academy. 

Joun Eresianp, University of West Virginia. 

W. B. Forp, University of Michigan. 

O. E. GLENN, University of Pennsylvania. 

W. C. Graustein, Harvard University. 

C. C. Grove, Metropolitan Life Insurance 
Company. 

H. Haut, Rosemary Hall, Greenwich, 
Conn. 

E. R. Heprick, University of Missouri. 

Anna M. Howr, Newcomb Memorial College. 

E. V. Huntineton, Harvard University. 

NELLE L. INGELs, Interstate Commerce Com- 
mission. 

Myra I. Jounson, Syracuse University. 

D. K. Kazarinorr, University of Michigan. 

H. A. Kress, Albright College. 


Harvard 


J. R. Kxine, University of Pennsylvania. 

W. D. Lampert, U. S. Coast and Geodetic 
Survey. 

FLORENCE P. Lewis, Goucher College. 

J. J. Luck, University of Virginia. 

C. C. MacDurresg, Princeton University. 

R. M. Matuews, Wesleyan University. 

GertrupeE I. McCain, Westminster College. 

J. F. Messicx, Emory University. 

C. N. Moore, University of Cincinnati. 

EvucEeniE M. Morenvs, Sweetbriar College. 

C. C. Morris, Ohio State University. 

A. D. Pitcuer, Western Reserve University. 

E. L. Post, New York City. 

Susan M. Ramso, Smith College. 

ArtTHUR RanvuM, Cornell University. 

H. W. Reppick, Cooper Union. 

L. J. Reep, Johns Hopkins University. 

R. G. D. RicHarpson, Brown University. 

E. D. Ror, Jr., Syracuse University. 

J. B. Rosenpacu, Carnegie Institute of 
Technology. 

Mary E. Srncuarr, Oberlin College. 

H. E. Staueut, University of Chicago. 

H. L. Stoprn, New Hampshire College. 

Ciara E. Situ, Wellesley College. 

D. E. Smitx, Columbia University. 

W. M. Situ, Lafayette College. 

May J. Sperry, Syracuse University. 

Birp M. Turner, University of West Virginia. 

H. W. Tyter, Massachusetts Institute of 
Technology. 

H. S. Vanpiver, Cornell University. 

OswaLp VEBLEN, Princeton University. 

Mary E. WELLs, Vassar College. 

V. H. WE ts, Williams College. 

J. K. Wuirremore, Yale University. 

EupHEMIA R. WorTHINGTON, Southern Branch, 
University of California. 

J. W. Younc, Dartmouth College. 


The local committee under the chairmanship of Professor H. S. White made 


ample provision for the convenience and comfort of the guests. 


Those in 


attendance were housed in Main Hall, the central building of Vassar College, 
and took their meals in the commodious dining hall. The officers of the two 
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mathematical organizations were assigned to commodious guest rooms, the 
retiring president of the Association enjoyed the distinction of using a bed 
formerly the possession of Matthew Vassar, the founder of the College. The 
joint dinner of the two organizations was held on Thursday evening, about one 
hundred twenty being present. Professor E. W. Brown acted as toastmaster 
and short talks were made by President MacCracken, Professors White, Slaught, 
and Huntington. A number of features added much to the pleasure of the 
guests during the meetings. Tea was served each afternoon at the home of 
Professor and Mrs. White. On Wednesday afternoon at the close of the program 
the majority of those in attendance made a tour of the campus and buildings, 
including a walk to Sunset Hill just outside the campus. On motion of the 
Secretary, at the session on Thursday morning a vote of thanks was given by 
the members to’ Professor and Mrs. White for their hospitality, to President 
MacCracken and the authorities of Vassar College for their generosity in making 
possible the facilities of Vassar College during the vacation season, to the local 
committee for its effective and untiring efforts, and to the program committee 
under the chairmanship of Professor Lennie P. Copeland for the interesting and 
profitable papers which were prepared under their direction. 

At the joint session of the Association and Society on Thursday afternoon, 
a vote of sympathy was extended to the Physico-Mathematical Society of Japan, 
expressing our deep sorrow and sincere sympathy in the great calamity that has 
befallen the Japanese people, and expressing the hope that the later reports 
may be more favorable than those at first received, and that the indomitable 
will that has always characterized the Japanese nation may serve to establish 
conditions as nearly normal as such a catastrophe can permit. 

In the absence of the president and vice-presidents, Professor Slaught presided 
at the session on Wednesday afternoon, and Professor Huntington at the session 
on Thursday morning. Professor Veblen, the president of the Society, presided 
at the joint session on Thursday afternoon. The program of the meeting follows, 
accompanied by abstracts of the papers and discussions, the numbers corre- 
sponding to the numbers in the list of titles. A telegram to the secretary an- 
nounced that, by reason of illness, Dr. J. G. Coffin could not present his paper 
on “Mathematical training for laboratory men.” 


SESSION OF THE ASSOCIATION. 

(1) “Elliptic geometry”’ by Professor JamEs Prerpont, Yale University, by 
invitation. 

(2) “The influence of engineering on mathematical teaching” by Professor 
E. R. Heprick, University of Missouri. 

(3) “The honor student in mathematics” by Professor Suzan R. BENEDICT, 
Smith College. 

1. Professor Pierpont’s address will appear in full in an early number of the 
Monts 

2. It has often been assumed that the effect of engineering on mathematical 
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teaching in colleges has been detrimental to the best interest of the subject, and 
has tended to suppress its cultural and scientific values. Professor Hedrick re- 
viewed in some detail the major subjects in mathematics taught to engineers, 
and pointed out some of the more important changes that have taken place in 
the period since engineering has exerted its greatest influence. Among these 
changes are the earlier introduction of the ideas of the calculus, the emphasis 
upon functional representation as opposed to geometric properties of conic sec- 
tions in analytic geometry, the widening of the range of applications of the 
calculus, the encouragement of the use of tables of integrals in place of formal 
solutions of formal problems in integration, and the greater emphasis that has 
been placed on differential equations. It is pointed out that the cultural and 
scientific values of the resulting course are at any rate as great as in the older 
courses, and that the training of the student in functional thinking is now far 
better than under the older scheme. Attention is directed also to the introduction 
of vector methods in engineering work, and to the increasing demand for reason- 
able training in the determination of empirical formulas from scientific experi- 
mental data. 

3. For the last two years Smith College has offered a special honors course 
to be substituted for the ordinary curriculum in the junior and senior year. 
In this course a very small group of students, selected partly because of high 
standing and partly because of evident capacity for independent thinking, are 
released from all class room responsibilities. Under the direction of members 
of the faculty they pursue one line of work chosen by them, their progress being 
judged by conference with the teachers in charge, a paper submitted at the end 
of the course, and comprehensive final examinations. 

There is a question as to whether mathematics is a subject which a student so 
young, and necessarily so untrained, could follow profitably without more super- 
vision and assistance than this system contemplates. If so a second question 
arises as to the reading to be suggested. 

If the work is divided into eight units, two of which are equivalent to the 
entire time of the student, the program contemplated is as follows: 

2 units Advanced Calculus, Differential Equations, Algebra; 

2 units Modern Geometry, Functions of a Real and of a Complex Variable; 

2 units Applications; 

2 units Review and correlation of the work covered and preparation of a paper. 
This paper is submitted with the hope that the department of mathematics at 
Smith may have the opinion of this Association upon the two questions before 
us, that is, the suitability of mathematics for this kind of specialization and the 
choice of subjects which might be pursued profitably by the undergraduate. 

Professor Clara Smith stated that honor students at Wellesley are required 
to concentrate in a field, within which, however, there may be several lines closely 
connected. This concentrated program can begin with the junior or with the 
senior year. For example, two students recently took two 3-hour courses to- 
gether with courses in physics, such students being allowed three hours of their 
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own choosing in the senior year, if they so desire, and if the department thinks 
best. These students are asked to make such reports as would lead them to read 
up on certain courses not covered in the regular courses, topics suited to this 
purpose having been assigned. An oral examination is held for each candidate, 
covering both the regular class courses and the independent work. 

Professor Mordell stated that he has been used to practically the same scheme 
in the English universities. The honor student is quite at liberty to read all 
the books on a certain subject, although it is the exceptional student who can 
wisely direct his own effort, for a lecturer can put the material in a proper per- 
spective for the students, whereas an unguided student may get a wrong or 
incomplete view of the subject. Most students prefer to attend lectures regularly 
and to take very full notes, even to the entire disregard of text books. They 
may elect special subjects even from the beginning of their university course. 

Professor Burgess spoke of the type of English honor system which prevails 
at Oxford. He concluded from his own observations that this system is not 
applicable to the United States unless accompanied by the tutorial system, the 
scholarship system, and the examination system. He mentioned too that most 
of these students have won their scholarships through close competition coming 
up from the secondary schools. 

Professor Slaught raised a question as to the wisdom of turning undergraduates 
loose in independent effort and of allowing them to spend all of the two years 
in a given subject. In reply Miss Benedict reiterated that the students were 
quite at liberty in the independent work of their last two years, that they were 
first of all very carefully selected, and that they report fortnightly to their 
Faculty advisors. 

SESSION OF THE ASSOCIATION 


(4) “A mathematical formulation of the law of growth”’ by Professor L. J. 
REED, Johns Hopkins University. 

(5) “Mathematical methods in economic research” by Professor C. C. 
Morris, Ohio State University. 

(6) “Geophysics and mathematics” by W. D. LamBert, U. S. Coast and 
Geodetic Survey. 

<7) “Mathematics applied and misapplied’”’ by Dr. C. C. Grove, Metropol- 
itan Life Insurance Company. 

4 and 5. The papers by Professors Reed and Morris will appear in early issues 
of the Monruty. 

6. After dealing briefly with the scope of geophysics, Mr. Lambert called 
attention to the fact that geophysics is more dependent on mathematical reasoning 
than physics in the narrower sense. No one person could discuss all the mathe- 
matical problems arising in so wide and varied a field as geophysics. ‘The speaker 
confined his remarks to two topics of a general nature: 

(1) the use of elementary mathematical methods; and 
(2) the importance of numerical computation. 
Elementary methods are used rather in clearing the ground of vague and 
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unprofitable speculations that hinder the advance line than in making the 
advance itself. Such speculations are uncommonly plentiful in geophysics, and 
many of them can be disposed of by a little careful thought combined with an 
elementary knowledge of mathematics and physics. Instances of such were 
given. In conclusion the speaker emphasized the matter of numerical computa- 
tion both as a subject for instruction and as a necessary complement to the 
analytical treatment of problems having a practical application. 

7. Aside from a plea for teachers who are alive and enthusiastic for their 
subject, and are in the profession as a life work, Dr. Grove presented the need 
for more emphasis on the calculus of finite differences in our colleges, especially 
for students intending to specialize in science, in the economic and social sciences 
as well as in the physical sciences. He pointed out that especially in statistical 
work we have much to do with quantities that can vary only by units, and that 
therefore much of the work would not naturally be cast into the forms of the 
infinitesimal calculus. In Bulletin No. 27, 1921, Bureau of Education, the 
speaker emphasized combinations and permutations as leading up to the treat- 
ment of mathematical probability and thus to the study of empirical probability 
and frequency distributions, also finite differences which we use in many practical 
ways in connection with statistical series to detect mistakes in observation or 
in recording; to interpolate and extrapolate terms, to graduate series, to show 
where series are really algebraic, and of what order, to form series, etc. He 
referred also to the direct-and clear presentation made in “Calculus and Prob- 
ability for Actuarial Students,” by Alfred Henry, C. & E. Layton, London, 1922. 

He discussed as a concrete example a table giving the probability of dying 
eventually of cancer at various ages, with a view to fitting a curve to the changing 
probabilities. He also instanced numerous ways in which mathematics was 
misused or misinterpreted. He mentioned, for example, that there is apt to be 
too little consideration of the distinction between a qualitative and quantitative 
study of any subject, those making a qualitative study and embellishing it with 
a few arithmetical or other mathematical stunts thinking that they are thus 
making a quantitative study. It is his opinion that in any quantitative study 
of the stock market, for instance, the approach should be through the theory of 
probabilities rather than by other methods recently used, and that in the treat- 
ment of business cycles there should be a greater use of trigonometric series, of 
the theory of probability and of differential equations, rather than such a mass 
of what seem to be cycles and epicycles. He closed his presentation by an ex- 
tended treatment of the significance of the decline or rise in deaths from certain 
causes from year to year, pointing out with Yule that “the theory of simple 
sampling cannot apply to the variations of the death rate in localities or popula- 
tions of different age and sex compositions, nor to the death rates in a mixture 
of healthy and unhealthy districts, nor to death rates in successive years during 
a period of continuously improving sanitation.” 
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JOINT SESSION OF THE ASSOCIATION WITH THE 
AMERICAN MATHEMATICAL SOCIETY. 


(8) “An introductory account of the arithmetical theory of algebraic numbers 
and its recent development” by L. J. Morpe.., Fielden Professor of Pure 
Mathematics, University of Manchester, England, by invitation of the American 
Mathematical Society. 

(9) Presidential retiring address: ‘“ Mathematicians and music”’ by Professor 
R. C. Arcuipatp, Brown University. 

8. Professor Mordell’s paper will appear in an early issue of the BULLETIN 
of the American Mathematical Society. It was a great pleasure and inspiration 
to our members to have Professor Mordell present at the meetings, to listen to 
his able summary of the development of the arithmetical theory of algebraic 
numbers, and to have his keen comments at various points in the discussions. 

9. The presidential! retiring address by Professor Archibald will be printed 
in full in an early issue of the MonruHLy. 


MEETING OF THE BoarD oF TRUSTEES OF THE ASSOCIATION. 


Seven members of the Board were present at this meeting. The following 
fifty-nine persons and one institution were elected to membership on applications 
duly certified: 

To individual membership. 


Auiison, M.S. (Wesleyan). Prof., Brenau Coll., Gainesville, Ga. 

KATHLEEN Breciey, A.B. (Oklahoma). Teacher, High School, Henryetta, Okla. 

R. T. Betcuer, B.A. (Queens Univ., Ireland). Asst. prof., Pomona Coll., Claremont, Calif. 

UnpineE Butier, A.B. (Oklahoma). Teacher, Central High School, Oklahoma City, Okla. 

Cavxins, A.M. (Columbia). Asst. prof., Knox Coll., Galesburg, Ill. 

P. A. Caris, A.M. (Bucknell). Teacher, W. Phila. High School for Boys, Philadelphia, Pa. 

Bro. E. Cuarues, A.M. (Catholic Univ.). 1240 N. Broad St., Philadelphia, Pa. 

F. C. CLEMENT, A.B. (St. Olaf). Instr., St. Olaf Coll., Northfield, Minn. 

EMALINE Co.uins, A.B. (E. Central St. Teachers Coll.). Teacher, High School, Davis, Okla. 

G. W. Creetman, A.B. (Harvard). Hotchkiss School, Lakeville, Conn. 

H. B. Curtis, Ph.D. (Cornell). Instr., Northwestern Univ., Evanston, II. 

H. M. Davourtan, Ph.D. (Yale). Prof., Trinity Coll., Hartford, Conn. 

Mrs. ArMAUuD P. Daspit, A.B. (La. State Univ.). Instr., La. State Univ., Baton Rouge, La. 

R. D. Daucuerty, Ph.B. (Iowa Wesleyan). Prof., Ia. State Teachers Coll., Cedar Falls, Ia. 

D. M. Garrison, Grad. U. 8. Naval Acad. Head of dept. of math., St. John’s Coll., Annapolis, 
Md. 

E. F. Ger, Ph.B. (Michigan). Instr., Detroit Jr. Coll., Detroit, Mich. 

Harry Gwinner, M.E. (Maryland). Vice Dean, Eng. Coll., Univ. of Maryland, College Park, 
Md. 

R. L. Hicks, B.S. (Lebanon); A.B. (Oklahoma). Dale, Okla. 

C. M. Howarp, E. Mines (Ala. Polytech. Inst.). Prof. of math. and registrar, Texas Woman’s 
Coll., Fort Worth, Tex. 

A. R. JERBERT, M.S. (Washington). Assoc., Univ. of Washington, Seattle, Wash. 

Bro. F. Jonn, A.M. (Catholic Univ.). 1240 N. Broad St., Philadelphia, Pa. 

Myra I. Jounson, Ph.B. (Syracuse). Grad. student, Syracuse Univ., Syracuse, N. Y. 

Opessa R. Lastrapes, A.B. (Tulane). New Orleans, La. 

KATHARINE LEONARD, A.M. (Vermont). Head of dept. of math., State Teachers Coll., Moore- 
head, Minn. 

PrysaH Lreyzerau, Ph.D. (Clark). Instr., Lehigh Univ., Bethlehem, Pa. 

A. V. Martin, A.B. (Hampden-Sidney). Prof., Presbyterian Coll. of 8S. C., Clinton, 8. C. 
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Lipa B. May, A.M. (Texas). Prof., Kidd-Key Coll., Sherman, Tex. 

E. H. McAuister, A.M. (Oregon). Prof., Mech. and astr., Univ. of Oregon, Eugene, Ore. 

T. F. McBeatn, A.B. (W. Ky. Normal). Head of dept. of math., Miss. State Coll. for Women, 
Columbus, Miss. 

Ina L. McBez, A.B. (Okla.). Teacher, Jr. High School, Duncan, Okla. 

W. H. McEwen, M.S. ( ). Asst., Univ. of Minnesota, Minneapolis, Minn. 

G. E. Meapor, A.M. (Okla.). Prof., Oklahoma City Coll., Oklahoma City, Okla. 

Rev. J. H. Meyer, 8.J. Church of Immaculate Conception, New Orleans, La. 

E. D. Movzon, Jr., A.B. (Southern Meth. Univ.). Instr., Southern Meth. Univ., Dallas, Tex. 

Rev. Paut Mueutman, A.M. (St. Louis Univ.). Instr., Loyola Univ., Chicago, Ill. 

HeERMANCE MULLEMEISTER, Ph.D. (Utrecht, Holland). Instr., Univ. of Washington, Seattle, 
Wash. 

W. K. Netson, E.E. (Colorado). Asst. prof. of eng. math., Univ. of Colorado, Boulder, Colo. 

Sister Mary Pauta, M.S. (Notre Dame). Prof., St. Mary’s Coll., Monroe, Mich. 

L. E. Perry, A.M. (Peabody). Pres., Silliman Coll., Clinton, La. 

T. I. Porter, A.B., B.S. in Educ. (Missouri). Instr. in math. and physics, Univ. of Omaha, 
Omaha, Nebr. 

E. L. Post, Ph.D. (Columbia). 280 Manhattan Ave., New York, N. Y. 

Juxia P. Prosser, A.M. (South Carolina). Saint Mary’s School, Raleigh, N. C. 

Mrs. Errrm M. Ratts, A.B. (Tri State Ind.). Head of dept. of math., High School, Coalgate, 
Okla. 

W. E. Ropertson, A.B. (Okla.). Asst. instr., Univ. of Okla., Norman, Okla. 

FLorENCcE C. Rourpauau, A.B. (Okla.). Teacher, High School, Norman, Okla. 

Litu1an Rosanorr, Ph.D. (Clark). Teacher, Commercial High School, Brooklyn, N. Y. 

C. A. Rupp, A.M. (Harvard). Instr. in math. and astr., Hamline Univ., St. Paul, Minn. 

R. Q. Seats, A.M. (Columbia). Instr., Southern Meth. Univ., Dallas, Tex. 

Harry SLtawTer, A.B. (W. Va. Wesleyan). Bridgeport, W. Va. 

T. F. Smiru, A.M. (Manhattan Coll.). Prof., Little Rock Coll., Little Rock, Ark. 

J. B. Steep, B.S. in Educ. (Missouri). Prof. of educ., Miami State Sch. of Mines, Miami, Okla. 

W. P. Suesman, LL.B. (Lake Forest). Treas., Household Furniture Co., Providence, R. I. 

J. M. Taytor, M.S. (Adrian). Instr., Univ. of Washington, Seattle, Wash. 

Rosert Torrey, Ph.B. (Mississippi). Asso. prof., Univ. of Mississippi, University, Miss. 

R. O. Wess, A.B. (Okla.). Prin., High School, Wilson, Okla. 

J. D. Wuitney, A.B. (Okla.). Fellow, Univ. of Oklahoma, Norman, Okla. 

W. M. Wuysurn, A.M. (Texas). Head of dept. of math., South Park Jr. Coll., Beaumont, Tex. 

L. E. Wittrams, A.M. (Chicago). Dean, Woman’s Coll. of Alabama, Montgomery, Ala. 

R. E. Wirt, C.E. (Washington & Lee). Lexington, Va. 


To institutional membership. 
‘THe UNiversiTy oF DELAWARE, Newark, Del., Prof. G. A. Harter, Official representative. 


It was voted to hold no summer meeting of the Association in 1924 because 
of the mathematical meetings to be held at Toronto, and to urge our members 
to join with all other mathematicians of the country in attending these important 
meetings. For this reason the Trustees requested President Carmichael to give 
his Presidential retiring address at the Cincinnati meeting in December. (The 
plans for the Cincinnati meeting are announced in another place in the MonruHLY.) 

Professor Archibald and the Secretary were asked to send a letter of apprecia- 
tion to Professor H. P. Manning recognizing his valuable and self-sacrificing 
labors in the editorial work of the Monruty. 

The Trustees transacted other items of business in a preliminary way con- 
cerning the finances of the Association, and the question of places for the summer 
meetings. 

W. D. Carrns, Secretary-Treasurer. 
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THE DECEMBER MEETING OF THE TEXAS SECTION. 


The second annual meeting of the Texas Section of the Association was 
held in the Sunday School room of the First Presbyterian Church in Houston, 
Texas, on December 1-2, 1922, in conjunction with a meeting of the Mathematics 
Section of the Texas State Teachers’ Association. A joint meeting of the two 
associations was held on the afternoon of the first and the Texas Section met 
alone the following morning. The secretary of the Section was unable to be 
present. The following officers were elected for the following year: Chairman, 
L. R. Forp; Vice-Chairman, A. A. BENNETT; Secretary-Treasurer, H. J. Errt- 
LINGER. 

There were forty-two in attendance including the following sixteen mem- 
bers of the Association: 

A. A. Bennett, J. E. Burnam, P. J. Daniell, Elizabeth Dice, H. J. Ettlinger, 
G. C. Evans, L. R. Ford, H. Halperin, A. J. Hargett, E. H. Jones, J. O. Ma- 
honey, H. Porter, C. P. Rockwell, E. R. Tucker, P. H. Underwood, C. N. 
Wunder. 

The following papers were read: 

(1) “Address on the principles of relativity” by Professor H. HALPERIN; 

(2) “Operations with negative numbers, formal and intuitional justification” 
by Miss Let Rep (by invitation) ; 

(3) “A series of rational functions analogous to Fourier series” by Professor 
W. P. Upinsk1 (by invitation) ; 

(4) “Some applications of Duhamel’s theorem” by Professor H. J. Ert- 
LINGER; 

(5) “Descriptive geometry with applications to axomometry and photo- 
grammetry” by Miss Exizaspetu Dice; 

(6) “Significant figures’ by Professor A. A. BENNETT; 

(7) “Interest and annuities’ by Professor E. H. JonEs; 

(8) “History and theory of workmen’s compensation insurance” by Mr. C. 
P. RocKwELL; 

(9) “Simple examples of variable annuities” by Professor L. R. Forp; 

(10) “Training in mathematics as preparation for studies in our schools of 
commerce” by Professor L. H. FLecK (by invitation); 

(11) “Mathematical principles of economics” by Professor G. C. Evans. 

Abstracts of these papers follow below, the number corresponding to the 
number in the list of titles. 

1. The extended address delivered by Professor Halperin at the invitation 
‘ of the Section covered the following points: 

a. Unsatisfactory state of pre-Einsteinian physics, where various natural 
phenomena could not be explained except by means of very strained artificial 
assumptions. 

b. Classical relativity, according to which no absolute uniform motion of an 
observer can be detected by methods involving mechanical laws of nature only. 
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c. Einstein’s special theory of relativity, according to which the absolute 
uniform motion of an observer cannot be detected by any methods, whether of 
a mechanical or of an electromagnetic and optical nature. 

d. The two principles of the special theory of relativity and the results that 
follow from them: 

(a) Relativity of simultaneity of two events. 

(b) Relativity of the magnitude of an interval of time. 

(c) Relativity of the distance between two points, and of the shape of material 

bodies. 

(d) Absolute nature of the quantity ds? = dz? + dy? + d2 — ede’. 

(e) Relativity of the mass of a moving material body. 

(f) Incorporation of the law of conservation of mass into that of conservation 

of energy. 

(g) Law of composition of velocities. 

(h) The absolute nature of the velocity of light, and the fact that no material 

body can move with such a velocity. 

e. Physical explanation of above facts. On the basis of the fundamental 
principle of relativity each one of a group of observers in relative uniform motion 
with regard to one another considers himself, perfectly naturally, to be at rest 
and makes his space and time measurements accordingly. 

f. Unsatisfactory features of the special theory of relativity. Desirability 
of having a generalized theory. Difficulties met with in the attempts of ad- 
vancing such a theory. Einstein’s way of overcoming these difficulties. Simi- 
larity between gravitational and centrifugal forces. 

g. The generalized principle of relativity. The principle of equivalence. 
The validity of the special theory of relativity in an infinitely small region of a 
gravitational field. 

h. Results of the generalized theory of relativity. Irregularity in the motion 
of Mercury. Deflection of the rays of light in passing near the sun. Shift of 
the lines of the spectrum of light coming from the sun or from the stars, as com- 
pared with those of light of terrestrial origin. 

2. Miss Red explained some of the psychological difficulties involved in the 
teaching of negative numbers in a first course in algebra. She gave numerous 
familiar examples that appeal to the scholar which suggest the feasibility of 
introducing negative numbers and which at the same time indicate the rules of 
operation that must be adopted if negative numbers are to prove a useful concept. 

3. The system of difference equations and boundary conditions analogous to 
that which in the differential case leads to Fourier series is found to lead to an 
expansion problem in the difference calculus involving rational functions. The 
region of convergence is determined in the ordinary sense and under Cesaro 
summability of given order. 

4. Professor Ettlinger pointed out many applications of Duhamel’s theorem 
selected from various fields of analysis, in particular, from differential geometry, 
mechanics, and the theory of maxima and minima. 
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5. Miss Dice emphasized with numerous examples the aid afforded by the 
methods of descriptive geometry in the study of geometric configurations in 
space. In view of the simplicity and power of its methods, she made a plea for 
its wider study. 

6. Professor Bennett pointed out many common elementary errors due to a 
mistaken notion of the character of mathematical accuracy, and urged that the 
concept of ‘‘significant figures’ with all its connotation be kept more constantly 
in mind in mathematical publication and in the instruction of the young. 

7. Professor Jones defined the concepts and developed in systematic manner 
the formulas of the elementary mathematics of finance. 

8. Mr. Rockwell, the state actuary of Texas, gave a comprehensive survey 
of the present and historical aspects of the Workmen’s Compensation Insurance 
as effective in Texas. There are many items of mathematical interest that 
enter into the problem of just insurance rates, and as a characteristic application 
of the actuarial formulas and concepts, the subject has mathematical bearings. 

9. Professor Ford discussed the modifications required in the usual theory of 
constant annuities when these annuities are variable. Some rather surprising 
paradoxes resulting from simple conditions upon the variable annuity were sug- 
gested and explained on the basis of the equations involved. 

10. Professor Fleck outlined the topics required in the mathematical prepara- 
tion of students of business methods, as suggested by the nature of the work to 
be undertaken. He dwelt also upon the added advantages accruing to the 
individual who has profited by the training in accuracy, abstraction, and system, 
incident to mathematical discipline. 

11. Professor Evans discussed the mathematical aspects of exchange contained 
in the article appearing in this MonTHLy, 1922, 371-380. 

Reported by A. A. BENNETT (in absence of the Secretary). 


THE DEVELOPMENT OF “PARTITIO NUMERORUM,” WITH PAR- 
TICULAR REFERENCE TO THE WORK OF MESSRS. 
HARDY, LITTLEWOOD AND RAMANUJAN. 


By AUBREY J. KEMPNER, University of Illinois. 


Part II. 


Synopsis OF HarDY AND RAMANUJAN’S PapER: AsyMPTOTIC FoRMULZ IN COMBINATORY 
ANALYysIs (13).! 


12. To illustrate by a special example the nature of the new method of dealing 
with the problems of partition, we proceed to give a synopsis of one of the earliest 


1 See (13) of the bibliography printed at the beginning of Part I, pp. 355, 356. 

Article (22 b.), mentioned in footnote 1, 362, came to my notice recently. The main result 
of this important paper follows: Assuming the hypothesis mentioned above concerning the ¢-func- 
tion, almost all even numbers are the sum of two primes. The expression “almost ali’? means 
roughly that, while there may be an infinite number or even numbers which require more than 
two primes, the percentage of such numbers decreases towards zero as more and more numbers 
are taken into account. AUTHOR. 
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papers in which most of the typical features of the theory are employed or fore- 
shadowed: Hardy and Ramanujan, Asymptotic Formule in Combinatory Analysis 
(13). 

It is possible that Hardy and Littlewood’s work on Waring’s problem is of 
greater interest for the development of the additive theory of numbers, but in 
the paper under discussion some of the difficulties which occur in Waring’s problem 
do not make their appearance. 

The problem treated is the following: 

To determine the order of magnitude of p(n), the number of partitions of n into 
summands 1, 2, --+ (Section 6, II). Before this paper was written, nothing was 
known concerning the order of magnitude of p(n), as a function of n, for large n. 
Didactically, this paper is of particular interest, because it discusses not one, but 
several, lines of attack, starting from elementary methods, passing on to methods 
employing infinite series, then to methods employing Cauchy’s integral and finally 
to methods making use of the most powerful tools to be found in the workshop 
of the theory of analytic functions of a complex variable. 

The more elementary methods are avowedly not carried out so far as might be 
possible, so that the full power of the elementary methods, as compared with 
the advanced methods, still remains to be determined. It may be surmised 
that the untimely death of Ramanujan will have adversely affected this particular 
line of investigation. 


13. The results obtained by the various methods may be listed as follows: 
I. By elementary methods: 
There exist two positive constants, A and B, such that for sufficiently large n! 
< p(n) < eB %, 
Or, 1.€., 
A-yn < log p(n) < B- yn. 


II. By less elementary methods, admitting the use of some delicate theorems 


1 And therefore, by choosing if necessary a larger value of B and a smaller value of A, for all 
positive integers n. 
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from the modern theory of infinite series, I is refined to: There exists a positive 
constant C, such that log p(n) ~ C- Vn; read: log p(n) “equivalent to” C- yn. 
The mathematical contents of this relation are expressed by 


lim sup = lim ing = (', 
n=a n 

It is also possible by these methods to determine the value of C, C = 22/6, 
and thus to obtain the remarkable equation 

—= +yni(l+e ‘ 

p(n) lim = 0. 
III. By making use of Cauchy’s integral theorem, this relation is still further 

refined: 


1 
n(n) ~ —= \6 
4V3-n 
or, 2.€., 
lim sup Pin)-4nvV3 = lim ing Bin) -4n V3 


= 
evs ers 


IV. Finally, using the wonderfully powerful new function theoretic methods, 
the following results are obtained: 


] d | v2/3-\n-1/24 
p(n) = ——- — 4° + O(e?*%%), 
dn| — 1/24 


where D is any positive quantity > 5 NB and where, as usual, f(n) = ¢(n) 


+ O(p(n)) means that, for large n, |f(n) — g(n)|is at most of the order of magnitude 
of the (positive) function y(n), that is, 


lim sup {|f(n) — ¢(n)|/y(n)} Sk, where k = 0 is a finite quantity. 


While the last equation for p(n) gives explicitly only the largest term of a 
certain expansion of p(n) together with an estimate of the order of magnitude 
of the error committed by breaking off after the first term, the authors show by 
some numerical examples that this error is surprisingly small. Thus, the first 
term contributes to p(100) about 99.9998 per cent. of its value, and to p(200) 
about 99.999999 per cent. of its value (compare tables below). 

The authors show that the further application of their method permits the 
determination of as many terms as are desired, and permits the determination of 
the order of magnitude of the error committed by breaking off after a certain, 
sufficiently large, number of terms. The first terms of this expansion are: 

3. (2nr_ 
“dn | Vn — 1/24 + ( “dn | Vn — 1/24 
cos — 


dn | Vn — 1/24 Vn — 1/24 | 
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Hardy and Ramanujan give the following numerical illustrations. For 
n = 100 and n = 200, resp., the first six, resp. eight, terms yield: 


190 568 944.783 3 972 998 993 185.896 
+ 348.872 + 36 282.978 
- 2.598 - 87.555 
+ 685 + 5.147 
+ 318 + 1.424 
.064 + 071 

+ .000 
190 569 291.996 + 043 


3 972 999 029 388.004 


The true values- are 190 569 292 and 3 972 999 029 388, resp., as was 
verified in independent computations, by means of combinatory analysis methods, 
by P. A. MacMahon, after two months’ effort. 

We notice that our expression for p(n) is an expansion of the type 


p(n) = gil(n) + ¢2(n) + 


where each ¢ is of lower order of magnitude than the preceding terms. Now it 
would be entirely compatible with such an expansion to yield, for any given 
number of terms on the right side, an expression which differs from p(n) by a 
value R(n) which approaches © for lim n = ©. It would already be almost 
more than might be expected if this difference were to be large, but under a 
finite value. A most remarkable aspect of the formula is that, by continuing 
the expansion to a certain number of terms,’ the error can be made much smaller 
than unity, so that the expansion gives for p(n) (which is necessarily an integer) 
its exact value. This fact by itself makes sufficiently clear to anyone familiar 
with additive number theory the revolutionizing character of the new work. 

14. What are the methods by which this marvelous accuracy is attained? 

Without stopping to indicate the proof of any of the theorems derived by 
elementary methods (see section 13), we turn to the (transcendental) method of 
determining the value of p(n) (see section 13, IV). 

We know already (section 6, II) that, for the generating function 


F(x) = [1 — 2)(1 — 2?)(1 — 2) --- in inf. 
Cot + ++ - + + 
p(n) = ¢n, 
1 The following little table which is given by Hardy and Ramanujan in connection with 


their numerical computations may be of some independent interest as a warning against the 
use of incomplete induction in the theory of numbers. A certain function a, of n is introduced 


—its exact definition is given by logio p(n) = x {vn +10 — a,J}—for which a; = 3.317, 


a3; = 3.176, aio = 3.011, ai00 = 3.036, ai000 = 3.537, Qi0000 = 4.148, 2100000 = 4.448, with inter- 
mediate values of a, fitting in ina natural manner. Yet,asn—(+ ~),a,—(— ©); a behavior 
which one would hardly expect. 

2 The number of terms required depends on the value of the number n. 
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and that 


where I is the circumference of a circle concentric with the unit circle, of radius 
R < 1 (see section 9). We are also aware of the difficulties to be overcome in 
the evaluation of this integral. 

The principles of the method to be explained apply to other fundamental 
papers of Hardy and Littlewood, notably to the papers on Waring’s problem; 
however, as was noted above, in these papers additional serious difficulties are 
encountered. 

Since we are interested in the underlying principles only, not in the technical 
details of the work, we shall attempt to exhibit the bare skeleton of the method. 

One of the roots of the proof is the old inequality 


| 
f o(erdz = Max. (|g(x)|) X Length of path. 
| 


Our problem is greatly simplified by the fact that the function F(z) is closely 
connected with a well-known modular function h(7). In Tannery and Molk’s! 
notation, let x = = then 


n=1 


F(x) 

(The exponent 1/24 introduces into the work troublesome 24th roots of unity.) 
The function h(r) has been carefully studied by many authors. Starting from 
the known theory, Hardy and Ramanujan are enabled to study the behavior of 
F(x) at the singular points of the function, that is, at the points e?"**, 6 real. 
It turns out that, as 2 +1 (= e?"*”) along the axis of reals, F(x) + © in the 
same general manner as does e raised to the power 7°/6(1 — x); and for 
x= r-e*"P/a, (p, g) = 1,2 r +1, we have F(x) + © as e raised to the power 
m/6q’(1 —r), that is, while F(x) approaches «© when we approach any 
“rational”’ point (e?"*?/*) along a radius, the order of magnitude of F(x) for this 
method of approach is the weaker, the larger the denominator, and it may already 
from this be expected that, if we approach an “irrational” point x = r-e?"*, 
6 irrational, r — 1, the order of magnitude of F(x) will be smaller than for the 
rational points. As a matter of fact, for @ irrational, F(x) +0 as r +1, in 
general. (For no irrational @ does F(x) approach infinity as fast as it does for 
any one rational @ = p/q.) It is due to this behavior of F(x) for 6 irrational 
that Hardy and Ramanujan obtain, not only the order of magnitude of p(n), 
but even its accurate value. It turns out that to determine f; it is only 
necessary to take into consideration the “heaviest singularities” of F(x), 7.e., 


1 Tannery and Molk, Fonctions elliptiques, vol. 2 (1896). 
*It is assumed throughout, without future mention, that p and q are relatively prime, 
(p.q) =1. 
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those corresponding to the points on the unit circle represented by ¢?7‘?/2, 
q = 1, 2, 3, ---, up to a certain value of g. Asa first guess, it might perhaps be 
expected that all such points have to be considered for which g = n. In reality, 
it is only necessary to consider the singularities at e?**?/2, q = 1, 2, ---, [Vn], : 
approximately, and it is even shown that something like the range q = 1, 2, - 
[vn/log n] would be sufficient, since for larger q the order of magnitude of the 
new terms involved in the integral becomes sufficiently small. 

15. The second root of the method lies in a very interesting application of 
the so-called Farey series. We assume a fixed n which is not changed throughout 
our work. Assume for example n = 30, to fix the ideas. Then the singular 
points of F(x) to be considered are ¢?"*?/2, g = 1, 2, 3, 4, 5 = [V30], p= 4. 
We obtain thus the following singular polate: 


erivla, pig = 0, 1, 1/2, 1/3, 2/3, 1/4, 3/4, 1/5, 2/5, 3/5, 4/5, 


that is, all points e?*'”/* where p/q is any positive rational number = 1 and with 
denominator = 5. This suggests the application of a Farey series, and, as a 
matter of fact, the clever application of Farey series is one of the outstanding 
features of the transcendental work of Hardy, Ramanujan and Littlewood on 
partitions. 

The Farey series (of order /) is constructed in the following manner. Starting 


with 0 = and 1 = we insert the intermediate number = between 
9 
and we insert 3 between and 7 = etc. In general, 


between any two consecutive fractions a/ b, a’/b’ already obtained by this process, 
insert (a + b)/(a’ + b’), not allowing, however, any denominator to. exceed k. 
Thus, for k = 5, the Farey series is given below. 

We try to place each one of the elements of the Farey series into a separate 
interval by dividing up the space between any two consecutive numbers. This 
is done as follows: Let three successive fractions of the Farey series of order k 
be p”/q"; Pq P'/q’. Then we construct around p/q the interval with the end- 
points p/q — 1/{¢(q+q")}, 1/{a(q+)}. It is easily seen that successive 
intervals adjoin. For k = 5 the following schedule gives in the first line the 
elements of the Farey series, in the second line the starting points and end-points 
of the intervals (the last entry in the second line is obtained by closing the series 
cyclically, recalling that e?"*”/? has for p/q = 0/1 the same value as for p/q = 1/1), 
while in the third line the lengths of the intervals are noted. 


Farey series: 0/1 1/5 1/4 1/3 2/5 172 3/5 2/3 3/4 4/5 1/1 
Intervals: 1/6 2/9 2/7 3/8 3/7 4/7 5/8 5/7 7/9 5/6 1/6 
Len, th of Interval: 1/18 4/63 5/56 3/56 1/7 3/56 5/56 4/63 1/18 1/3. 


We _ ve thus, for example, the fraction 1/5 isolated in an interval of length 1/18, 
the fi ‘ion 1/4 isolated in an interval of length 4/63, the fraction 1/1 (which is 
counted as identical with 0/1) is enclosed in an interval of length 1/3. After 


1{a] = a for a integer; [a] = largest integer contained in a, otherwise. 


\ 
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fixing in this fashion the length of the intervals which are constructed around the 
individual fractions of the Farey series, we consider the position of each fraction 
within its proper interval; for example, the position of the fraction 1/3 within 
its interval 2/7 --- 3/8, of length 5/56. The fraction 1/3 divides this interval 
into a left-hand part a and a right-hand part 8. It is at once verified that 
a > 1/(3-5), where the 3 of the denominator is the denominator of the element 
1/3 while the 5 is the order k = 5 of the Farey series. On the other hand, a is 
larger than 1/2 of this quantity, a > 1/(2-3-5). Indeed, a = 1/3 — 2/7 = 1/21, 
and 1/30 < 1/21 < 1/15. For the other part, 8, the same inequality holds, 
8 = 3/8 — 1/3 = 1/24, 1/30 < 1/24 < 1/15. These inequalities are typical of 
all intervals: thus, if p’’/q’’, p/q, p'/q’ are three successive elements of a Farey series 
of order k, and we insert between p'’/q’ and p/q the number p/q — 1/{q(q + 9”’)} 
and between p/q and p'/q’ the number p/q + 1/{q(q + q’)}, we shall have enclosed 
p/q in the interval p/q — 1/{g(q + +++ + 9’)}, of length a+ B, 
a = 9}, 8 = and where 


1 1 1 | 
< 
2-kp 
We have already noted that our whole interval 0 --- 1 is exactly covered by 
(33) (%) these intervals, each of which is broken up by 
Ea an element of the Farey series into its a and B. 
(% We transfer this division of the interval 0 - -- 1 


in an obvious manner to the circumference of 
the unit circle. All we have to do is to asso- 
ciate with the point e?*” the fractional value 
p/q while with the one point e?*° = e?"*! = | 
are associated the two values 0/1 and 1/1, thus 
cyclically closing the interval. For n = 30, for 
(Bp example, the Farey series of order k = [ ¥30] 
- (93) (#) = 5 leads to the following Figure (4) of the 
Fic. 4. unit circle, in which the singular points e?”” 
are indicated by their corresponding fractions and where, outside of the circle, 
each point has the length of its corresponding interval indicated. 

Such a separation is called by the authors a Farey dissection, and we have 
insisted at some length on its structure an account of its fundamental importance, 
already emphasized, for the new theory. 

16. What has been accomplished by the Farey dissection? We have already 
remarked that the “worst” singularities of our function occur at the points 
e**?@ with the smallest q and that, the larger q, the “milder” the singularity; 


(4) 


and also that from, say, q > [ Vn] on, the singularities are so mild that they need 
not be taken into serious account. 

It is thus seen that we have caged the dangerous singularities, each one in a 
separate interval, and the lengths of these intervals, as determined by the Farey 
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dissection, turn out to be such that, by means of an extremely delicate analysis, 
the Cauchy integral around the contour T (of a circle of radius < 1, about the 
origin) can be evaluated; in fact, the intervals are sufficiently large to ensure 
that outside of the interval the influence of the singularity may be ignored along 
the unit circle, but sufficiently small to ensure that, in estimating the integral 
by |/°| S length of interval X Maz. (\function|), the length of the interval will 
not make the right side too large. 

The path is now prepared for an attack along the following lines: Since we 
know the type of singularity which F(x) possesses at each of the points which 
count, we shall attempt to form a function, as simple as possible, which shall 
have at the point e?”', that is, at the heaviest singularity of F(x), a singularity of 
the same type as F(x) has at this point,! and regular everywhere else on, in, and 
in some neighborhood around, the unit circle. Let Fi,:(7) = Fi: be such a 
function. Then F(x) — F;, 1(x) is regular, or nearly regular, atz = 1. Similarly, 
a function F}, is determined, regular in the domain just described except at the 
point e** = — 1, ie., e?*”", p = 1, q = 2, and whose singularity at this point is, 
as closely as possible, of the type of the singularity of F at —1. Then F — Fy, 
— Fy, is regular, or nearly regular, at the two “worst” singular points of F, at 
+1, —1. We proceed similarly for each point of the Farey dissection. Thus 
we shall have constructed for each point e?"”’*, 0 = p < q, q = [ Vn], a function 
F,_ such that F(z) — Xp OS p< [Vn] is essentially regular 
everywhere on the unit circle. In this last statement, the expression “ essentially 
regular” serves to cover up a multitude of sins. Of course, F — SY 5 oF oq 
still is not regular at any point of the circumference of the unit circle, except 
at the finite number of points e?”", 0 = p < q, q = [Vn]. But we have 
stated above that at all points except these the singularities are of so mild a 
type that they, for certain modes of approach at least, may in our work be ignored. 
These facts have to be carefully taken into account in determining the path of 
integration. We only state that this path of integration is essentially a circle, 
concentric to the unit circle and of radius R = 1 — (6/n) (6 a certain constant), 
but which is modified in a certain manner which we do not describe in this sketch. 
For F,, the following complicated function is chosen: 


V2 
where 
2 d — | 
F,(x) va(n) +x", Va(n) = Vn 1/24, 
dn 


@p, q a certain 24th root of unity. We may fancy each F,, ,(x) expanded into a 
power series in x. Let 


= Fp, q(®) = Cpqo Cpqit! + + 


1 At least for certain methods of approach to the singular point. 
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Next, let 


Then, remembering that F(x) = 1+ pyr! + pou? + + + +++, we ob- 
tain, by comparing coefficients in our last equation: 


1 

p(n) 2 Cpqn = pant 

where the path of integration is the circumference of the circle of radius R=1—8/n 
about the origin as center, and £8 a certain positive constant not depending on 
x orn. Since the cpg, are known quantities as coefficients of the power-series 
expansions of the F,,, defined above, all hinges on the question whether we can 
integrate ®(x)/x"*! around I. Onto this circle ' we one by means of radii 
from the origin, the singular points (QS [ vn]), as well as the 
whole Farey dissection. From now on, we refer the Farey dissection with all 
of its segments to this smaller circle T. Let &, on this circle be the interval of 
the Farey dissection surrounding the point R-e?*”! (0 = p < q S [ Vn])—corre- 
sponding to the singular point e?*” on the unit circle—and let pq be the arc 
complementary to a Then: 


P(x) 1 F(x) 1 (x) 
p(n) — Cpqn = Omri J ntl dx = da — dx 
F(x) Fyq(x) 
F 1 F 


Pa 


The rest of the very delicate work consists in approximating the values of the 
Jpq and the jpg. We make no attempt to reproduce this highly technical examina- 
tion. The final result is that 


= O(n), = O(n"), 

@ 
that is, for all integral positive n 

p,@ 
where K,, Ke are two finite positive numbers, independent of n. Therefore, 
p(n) = Cygn + O(n). 


17. What does this formula prove? For a given n the number of partitions is 
given by p(n). After choosing our n, we take g = [Vn]! and construct the power- 
series for each of Foi, Fis, Fis, Fo3, Fu, Fas, +++, Fo-1, q For any p, q let 

1Compare top of page 421. 
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Foq = Cpqo + Cpqit! + +++ + Cpqnt”" + +++, then, for a given n the ¢ygn, if written 
in the order (Coin) + (Ci2n) + (Cisn + Coan) + + + (C1sn + + Ca5n 
+ isn) + +++, will be so arranged that the c;;, in any pair of parentheses corre- 
spond to weaker singularities of F(x) than the c;;, in any preceding parentheses; 
and for q > [Vn] the singularities of F(x) are so weak (for certain modes of 
approach) that they may be ignored if we are satisfied with an accuracy for p(n) 
of order of magnitude n~/*. But with increasing n, n~/4 +0; therefore the 
value of p(n) will be, for sufficiently large n, the integer closest to >°p, gCpqn- 
We shall thus have obtained, as was stated before, not only the order of magnitude of 
p(n), but its actual value. We do not quote in full the (very complicated) wording 
of the theorem. Its character will be clear from the formula for p(n) given in 
section 13, IV, in which each term takes care of one of the singular points, and in 
such manner that the heaviest singularity is accounted for by the first term, the 
next heaviest by the second term, etc. 

To avoid incorrect conclusions, it must be said that the theorem does not mean 
that the series for p(n), if we continue it to infinity by omitting the restriction 
q = [Vn], is necessarily a convergent series, still less that it must converge to the 
value p(n). But it does mean that, if we break off our series at g = [yn], this 
finite series will, for sufficiently large values of n, give us p(n) with an error of 
less than, say, 3, and since it is by its nature a positive integer, we obtain thus 
the actual value of p(n). 


THE GEOMETRY OF RIEMANN AND EINSTEIN? 
By JAMES PIERPONT, Yale University. 
Part I. 


Introduction. In Einstein’s theory our space is not Euclidean; aside from 
local disturbances its geometry is of the kind first studied by Riemann, Klein 
and Newcomb. ‘The widespread interest in Einstein’s theory has led the writer 
to believe that an elementary presentation of this kind of non-euclidean geometry 
would prove acceptable to a not inconsiderable class of readers. 

The usual method of developing non-Euclidean geometry is to begin at the 
very foundations and build up the theory in a highly abstract and logical manner 
from a set of definitions relative to three classes of things which we do not see 
but which are called points, lines and planes. To follow such reasoning requires 


1See the last sentence of section 14. 

2 Read at the summer meeting of the Association at Vassar College, Poughkeepsie, New 
York, September 6, 1923. 

An alternative title for the paper is “Elliptic Geometry.”” Riemann showed that the metric 
of a space of constant curvature is defined by 


The resulting geometries are called elliptic, parabolic or hyperbolic according as R? is positive, 
© or negative. There are two kinds of elliptic geometry which have received various names, 
as polar and antipodal, spherical and elliptic. If the last terminology were adopted, we would 
have to give up the threefold classification of space first mentioned. 


ds? 
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a great effort on the part of the reader and this no doubt explains why relatively 
few persons have devoted much attention to this subject. There is another 
way quite as rigorous and, as the author believes, more attractive to the ordinary 
mathematician and physicist. We will admit that the propositions of Euclidean 
geometry have been established with entire rigor and proceed by its aid to | 
construct another geometry which for short we call Riemannian or R-geometry. 
Our method is analogous to that used in general arithmetic: granting that the 
arithmetic of ordinary real numbers has been established, we may take pairs of 
them as (a, b) to define a new class of numbers ordinarily denoted by a + 7b. 
Or we may take sets of four (a, b, c, d) to form a class of new numbers usually 
denoted by a + bi + cj + dk and called quaternions. No one thinks it necessary 
to go back to first principles and develop an abstract theory of magnitude in 
order to develop the arithmetic of quaternions. 

A great merit of the method adopted in this paper, so it seems to the writer, 
lies in its intuitiveness; the reader has the things dealt with constantly under 
his eyes. As will be seen, the geometry of R-space in the immediate vicinity 
of the observer is sensibly the same as in ordinary geometry, it is only when large 
portions of space are considered that the great difference between the two geom- 
etries, Euclidean and Riemannian, becomes apparent. 


1. The Metric of Riemann. We begin by recalling a few facts of E-geometry.! 
We take a rectangular coérdinate system whose origin we denote by 0; the coér- 
dinates of a point x we denote by a, %, a3, etc. If x + dz is a point near by, 
its distance do from z is given by 


do? = da? + dz;?. (1) 
Let 
gilt) t2= got), = ¢s(t) (2) 
be the equations of a curve; if tot = a, ¢ = b correspond the points 4, B on (2), 


a dt 


The curve (2) is a straight when o is less than for any adjacent curve If z, 
x-+ dx, x+ 6x are the codrdinates of three nearby points, they determine a 
little triangle the length of whose sides may be denoted by do, 50, Ac. If @ is 
the angle between do, 6c, that is, the angle whose vertex is the point 2, we have 


Ao? = do* + 60? — 2do - be cos 8, (3) 
which gives at once, on using (1), 


dx; 6x1 629 623 


cos 6 = do be do ba do ba (4) 


This may be taken as the definition of the angle 0 between two curves meeting 
at 
1 The letters E and R before a word are to be read Euclidean, Riemannian. 


the length of the arc AB is 
c= 


1923. ] THE GEOMETRY OF RIEMANN AND EINSTEIN. 427 


We propose now to introduce another definition of distance or length. 
The coérdinates of a point remaining the same as before, 7.¢., ordinary rectangular 
coérdinates, let R be an arbitrary constant > 0. We now say the distance ds 
between the points 2 and x + dz is given by 


dx? + das? + 


and the length s of the are AB considered above shall be defined by 
$= J, (6) 


Let us compare (5) with (1). We see that the numerator of (5) is do* while 
r= x + x? + 2x3? is the square of the distance from the origin O to the point 
x in E-measure. We may set thus 

do 


ds 


where yu is the factor multiplying ds. For points x such that r is small compared 
with the space constant, R, uw is nearly 1 and hence ds = do sensibly. As x 
recedes from 0, u decreases and ds / do = 0. 

To illustrate this new definition of length, let us find the length s in R-measure 
of the segment OP of an E-straight through the origin, whose direction cosines 


are /;, ls, 13. Its equations are 
= lit, = lot, v3 = Ist; l? + + =], 


Here P = r=t; also do = dt. If the length of OP 
in E-measure is a, we have by (7) 


dt o 
- - 9 arctg 
8 i+ 2R arctg oR 
as its length in R-measure. Ifo is small compared with R, 


o 
arctg 


nearly, and s = o sensibly. On the other hand if ¢ = ©, s = rR. Thus the 
length of any E-straight through the origin ! is double this or 27R in R-measure. 
In E-geometry we often find it convenient to use polar coérdinates r, 0, ¢, 
where 
v1 = rsin 6 cos ¢, v2. = rsin @ sin ¢, x3 = r cos 0. 


In R-measure the length of the radius vector r is, as just seen, 


p= 2R arctg (8) 


1 As we shall see these lines are also straight lines in R-geometry. 
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We call p, 0, ¢, R-polar codrdinates. The only difference between these two 
kinds of polar coérdinates is that in one case we express the length of the radius 
vector in E-measure, and in the other case in R-measure. 

From (8) we have 


r 2h tan dr sec’ dp. (9) 


In E-polar coérdinates, 


do? = dr? + rd? + sin’ 6d¢’. 
Replacing r by p in (7) we find! 


ds? = dp? + (d@ + sin? 6d¢*) (10) 


in R-polar codrdinates. 
As an application of R-polar coérdinates, let us find the length in R-measure 
of the curve 
2X1 = COS = ¢, 23 = 0. 


In E-geometry this is a circle of radius r in the 2,22-plane.2 Here @ = 7/2, 
d@=0,dr=0 .. dp = 0; thus (10) gives 


ds = R sin 


Therefore, 


p 
s= Rsin— dg = 27R sin 
R 
is the length of this curve in R-measure. If r, and hence p, is small compared 
with R, sin p/R = p/R nearly, and s = 27p = 2rr, sensibly, as in E-geometry. 
Let the two curves C, C’ meet at the point 2; on C take the point x + dz, and 
on C’ the point x + 62. Let ds, 6s, As be the distances in R-measure between 
x and «+ dz, x and «+ 6x, «+ dx and «+ 6x. Analogous to (3) we define 
the angle ¢ between C, C’ by 


_ ds’ + 63? — As? 


2ds- ds 
By (7) ds = ude, 56s = pbc, As = pAo; hence 
+ 60? — Ao? 
cos g = = cos 6. 


This gives the important theorem: The angle between two curves has the same 
value in R- as in E-measure. 


1 This is the expression that Einstein employs in his paper. Sitzwngsber. d. Preuss. Akad. 
d. Wiss., 1917, p. 142. 
2 As will be seen later, this is also a circle in R-geometry. 


= 
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2. Plane R-geometry. Before considering the geometry of 3 dimensions, we 
will take up the geometry of the plane x3 = 0. In this plane our metric is 
defined by 
dx? 


or by 
do 9 
dg = i+ PAR’ (12) 
where do? = dz? + dz? and = 27 + 
Let us change the variables to 
— ’ 2 x r), (13) 
where 
A= P+ 4R?. 
We find at once that 
2,2 + + 2,7 = R’, (14) 
while (11) gives 
ds? = dz? + dz? + dz;?. (15) 


Thus while x ranges over the 2,22-plane, the point z ranges over the E-sphere 
(14), which we shall call the S-sphere, whose center is O and radius is R. More- 
over when z describes an element of arc ds, the relation (15) shows that z describes 
an element of arc on this sphere of equal length. The relation between the 
points x and z is uniform. For, solving (13), we get 


R 23 R + 23 
There is one exception in this correspondence, viz.: when z3 = — R, 2%, 22 


are infinite. 

Analogous to E-geometry we say an R-straight in the x273-plane is a curve 
of minimum length in R-measure. Now the element of arc on the sphere S 
is given by (15) which is precisely that of E-geometry. Hence the length of 
any arc in the R-plane x22 is the length of the corresponding arc on the sphere 
S in E-measure. Now ona sphere the curves of shortest length are great circles, 
hence R-straights in the 2:22-plane are the images of great circles of the sphere S. 
To find the equations of these straights, let the great circle lie in the plane 


+ Aoze + = 0. (17) 
Substituting from (13) into (17) we get 
+ a”) — + = 4A3R?, (18) 
the equation of an E-circle. This circle cuts the circle 


(F), ze + xe" = 4R?, (19) 
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in the two points lying on the E-straight 
Aya + Aoxe = () 


as is seen by setting (19) in (18). As this line goes through the origin, we see 
that all E-circles in the family of circles (18) cut the circle (19) in diametral 
points. We call (19) the fundamental circle, F, and the circles (18) diametral 
circles. Hence the result: Diametral circles in E-geometry are straight lines 
in R-geometry. 

The fundamental circle, being the image of the great circle z3 = 0, is an 
R-straight. To the great circle lying in the plane Az; + Asz2 = 0 corresponds 
in the 2%-plane the E-straight + Agr = 0. Hence: All E-straights 
through the origin are also R-straights. 

We have seen there is no point in the 2,%-plane corresponding to the point 
z3; = — R on the sphere S. To avoid this exception we adjoin an ideal point 
to the R-plane but not to the E-plane. We may now say that R-straights are 
closed curves which all have the same length 27R. Any two of them cut in 
2 points. Any two points at a distance < +R apart determine uniquely a point. 
Since the angle between two R-straights is the same as that between the corre- 
sponding great circles on S, and since moreover the length of a segment on an 
R-straight is the same as the length in E-measure of the corresponding arc on S, 
we have at once the theorem: The relations between the angles A, B, C and lengths 
of the opposite sides a, b, c of an R-triangle are those of triangles in E-geometry on 
a sphere of radius R. Thus, in particular, 


sin A: sin B: sin C = sin“: sin : sin“, 
R R R (20) 
cos = cos cos<+ sin sin cos A. 
R | 
Since similar triangles do not exist in E-spherical geometry, there are no 
similar triangles in R-geometry ‘The sum of the angles of an R-triangle is > 2 
right angles. All R-straights perpendicular to a given R-straight meet at a 
point at a distance 7R/2 or as we may say at a quadrant’s distance. 
There remains only one more notion to discuss, that of motion or displacement. 
In E-geometry a figure may be moved about freely without altering the distance 
between any two of its points, or the angle between any two of its straights. 
Is this possible in the R-plane, distance being of course expressed in R-measure? 
The answer is “Yes’’; for to any figure in the x:22-plane corresponds its image 
on the sphere S. As this image may be moved freely about on S without altering 
any of its dimensions, and as to each position of the image corresponds a position 
of the original figure, we have the result stated above. 
The reader may wish to know why we have adopted the metric defined by 
(11). Since the days of the Greeks it has been known that the geometry on a 
sphere is non-euclidean; its straights (great circles) have a finite length, there 
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are no parallels. To obtain a similar geometry on the plane we may project 
stereographically the points z of the S sphere (14) on the 212-plane tangent 
to S at the point z,; = z2 = 0, 23 = R, the center of projection being the dia- 
metrically opposite point. The 21, 22-axes we take parallel to the 2, z2-axes 
respectively. The relation between the point z and its projection z is precisely 
that defined by (13). If ds’ is the element of arc PQ on the sphere, the length 
of the corresponding arc P’Q’ in the 2122-plane is 


+ dx? 

~ 1+ (a? + 
where 21, 2X2 are the codrdinates of P’. If we want ds’ = ds, that is, if we want 
arcs in the 2,%-plane to have the same length as the corresponding arcs on the 
sphere, we must change our definition of length in accordance with (21), that is, 
we must define our metric by (11). Since stereographic projection leaves angles 
unchanged, we do not need to adopt a new definition of measure for angles. 

3. Two Kinds of R-geometry. Since diametral circles cut in two points, 
one inside, the other outside the fundamental circle F, two R-straights cut in 
two points, and not in one as in E-geometry. Also two points do not always 
determine an R-straight, viz.: two diametrically opposite points on the funda- 
mental circle. 

On this account we may define another geometry in which these exceptions 
do not occur, as follows: 

(1) Diametrically opposite points on the fundamental circle are regarded as 

one and the same point,} 

(2) All points without the fundamental circle are regarded as non-existent, 

or imaginary. 
Let a diametral circle cut the fundamental circle F in the points A, A’. If B 
is a point of this diametral circle lying within F, the arc ABA’ is the R-straight 
in this geometry. A is identical with A’, this line is closed and its length is 
obviously only 

This new geometry may be called the restricted R-geometry, and may be 
denoted by R*. 


ds (21) 


THREE-DIMENSIONAL R-GEOMETRY. 


4. The Coérdinates 2, ---,2z;. We now return to general considerations not 
restricted to a plane. Our first task is to determine the nature of R-straights in 
3-way space. Here we do not have the geometry on an E-sphere to aid us and 
we must rely on analysis, but an analysis guided by the results and methods 
employed in the plane. 

To avoid analytical difficulties it will be convenient to introduce the z- 
variables: 

4R?x; 


R 
<i l, 3; (4R ( ) 


1 Readers familiar with projective geometry will find nothing strange in this, where the line 
at infinity plays a réle somewhat analogous to the fundamental circle. 
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where 


A= r 4R?, = + -f- 3". (23) 


We see these are in definition entirely analogous to the z-variables in (13). We 
find at once that 


-+ Zo" Zs" = R?, (24) 
If we solve (22) for the x’s we find 
2Rz; 
= vo. 5 
Thus to each set ! of values: 21, «++, 24, satisfying (24) corresponds a single point 


(x1, X2, 23) and conversely. We may regard 21, -- -, 24, therefore, as the codrdinates 
of a point whose 2x-coérdinates are given by (25). 

It may aid the reader to have a geometric interpretation of the z-codrdinates. 
Let 2, 22, x3 be the z-coérdinates of a point P, the length of the segment OP 
in E-measure is r; in R-measure its length is, by (8), 


= 9 
p = 2R arctg oR (26) 
If OP makes the angles a; with the z;-axis, x; = r cos ai, 
Therefore, 
4R?r oe (27) 


sing’ (28) 
In fact by (26) 


sin p = sin 2 arc = sin { are cos { are SOR 


Now 
r 
arctg = are sin — |= arc sin 
= 
Also 


arctg = R= = arc cos 


— — 
1 


1 The exceptional case 2; = z2 = 23 = 0, 24 = — R, may be treated as in § 2. 


To eliminate the 2-coérdinates which enter \ let us show that 
| 
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R ( ) ( : 
sin = sin{arec sin = } cos {| arc 
R VX 


Therefore, 


which establishes (28). 
We show further that 
= = age cos (29) 


For 


cos £ = cos (2 arctg = cos (arete — {sin ( aretg 
R 2R 2R 2R 
= cos (arc ) sin { are sin 


_4 _4R-? 


which establishes (29). Setting (28), (29) in (22) gives 


p 
z=R sin 00s Qi, += 2, 3; (30) 
Thus the z-coérdinates are simple functions of the distance in R-measure of the 
point P from O and the direction cosines of the line OP. 
A linear relation ! between the 2’s as 


+ A3Z3 + = (31) 


defines a locus which we shall call an R-plane. The justification of such a name 
will follow presently; we introduce it now merely to have a name for such a 
relation inasmuch as it enters into our analysis in a vital manner. 

If we replace the z’s in terms of the 2’s as defined in (22), the relation (31) 
becomes 


+ Xo? x3") 4R(A 171 +. Aoxe + A323) = 4A,R?. (32) 
This in E-geometry defines a sphere; any such sphere we will call a diametral 
sphere, on account of its relation to the sphere, 


ay + x2? + 4R?, (33) 


which we call the fundamental or F sphere. In fact, all the spheres (32) cut (33) 
in the diametral plane 
+ Agate + = 


Thus diametral spheres cut the fundamental sphere, F, along a great circle. 
Another property of the z-coérdinates is the simple form they give to ds’. 


1 It is always supposed that the z-coérdinates satisfy the fundamental relation (24) 
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In fact, by direct calculation we find that (5) becomes 
ds? = dz? dz? 4- dz,?. (34) 


The radius of F is 2R in E-measure; its length in R-measure is 7R/2 by (8). 
Hence by (30) the z-coérdinates of a point, A, on F are: 


A; = Roos aj, 1, 2, 3; = 0. 
The coérdinates of the diametrically opposite point, A’, are: 
A’; = — 2, ¢= 1, 2,3; 


5. Straight Lines in 3-way R-geometry. Analogous to E-geometry, we say 
an R-straight is a curve of minimum length in R-measure. To find these curves 
we may proceed as follows. Let C be the curve defined by 


= gilt), t= got), ¢a(t). 
Let A, B be two points on C corresponding to ¢ = a, t = b; then the length of 


where F = ds/dt is defined by (5), or in terms of the z variables by (34). As 
the latter variables are easier to manage, we shall employ them; thus 


_(ds\?_ (da\? \? dzs\? dz, \? 
= 0? + 62 + = 


dz; 
= > = 1, 9 Dy 4, 
2,3 
Let us now deform the curve C slightly keeping the end points A, B fixed so 


that the point (21, 22, 23) has on the new curve C the coérdinates: 


setting 


Zi = 11+ = X2 + 422, = 13 + 


the 6a being small quantities. At the same time each 2, becomes 2; = z; + 62:, 
while ¢; goes over into ¢; = £;+ 6; and F becomes F = F + 6F. The length 
of the new curve C between A, B is now 


s=est+ Fdt; 


that is, in passing from C to C the length of the are AB has been increased by 4s. 
For C to have minimum length it is necessary that this increment should vanish, 
neglecting small quantities of higher order than the first, z.e., when C is replaced 
by the adjacent curve C, the integra! (35) receives no increment in small quantities 
of the first order. In other words the curve C renders the integral (35) sta- 


the arc AB in R-measure is 
(35 
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tionary. In accordance with modern usage, we shall now define more specifically: 
A straight line in R-geometry is a curve which renders s in (35) stationary, 7.e., 
the curve for which 


ds 
af = 0, (37) 


neglecting small quantities of higher order. 

We shall establish in the next article the Fundamental Theorem: Straight 
lines in R-geometry are the intersection of two diametral spheres, 2.e., of two R- 
planes, and conversely. 

From this follows that if two points of an R-straight lie on an R-plane, all its 
points lie on this plane. 

Now these two properties are the fundamental properties of E-planes, and 
herein lies the justification of regarding the diametral spheres in E-geometry as 
planes in R-geometry. 

The following demonstration is the only difficult piece of analysis in this 
paper; we have therefore placed it in a separate section so that the reader may 
omit it and pass to the next section, § 7. He should, however, note the equations 
(49) which are the parametric equations of our R-straights. 


6. Demonstration of the Fundamental Theorem. We start with 


b b 
{ Fat — f Fdt = (F — Fydt = SF-dt. (38) 
Now 
= (F+ 6F) = F?+ 2F-6F + (6F)’, 
or by (36) = Li + = + 26,66; + ¢=1,---,4. 
We shall consider only curves C such that (6¢,)? is small compared with the 
increments 6f;. Thus, neglecting (6F)? and the (6¢;)”, the above gives 
FéF 
Thus the condition (37) in (38) gives 
b AP. 
= 0. (39) 


We can get rid of F in the denominator if we take s instead of ¢ as the independent 
variable. In this case F = 1, by (36), since ds/ds = 1. Thus (39) becomes 


B 
Ja ds \ds 


where s = a when t = a, and s = B whent = Bb. 
To transform (40), we note that! 


d d dz dz dz 
= (dz) (2 6 ( ) (41) 


ds ds 


1 For brevity we have dropped the subscript i for the moment. 
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Also, 
d (dz @z , dz d 
ds & iz) = oh ae 
d (dz dz, dz . (dz 


on using (41). Integrating (42) between the limits a, 8 gives 


Now in passing from C to C the end points A, B remained fixed; hence the 6z 
vanish at the limits. Thus the left side of (43) vanishes and this gives 


dz; dz; Pz; 


= 0. (44) 


or 


This in (40) gives 


Here the 6z; are not independent, for from (24) we have 
2162, + +++ + 2462, = 0 or > 2:62; = 0, 


which shows that only three of the four 6z; are independent. Let H be an 
arbitrary function of the z;, then the last equation gives 


H->z,6z; = 0 or > Hz = 0. 


If with Lagrange we introduce this sum in (44) we do not destroy its validity, 
since it = 0, hence 


We now determine // so that the coefficient of 5z3 or 
+ Hy = 0. (46) 


Then the term in 6z; drops out of (45) and we may regard 62;, 5z2, 6z3 as arbitrary. 
Hence for (45) to subsist it is now necessary that the coefficients of these three 
quantities vanish. These three equations and (46) give us 


i Hz;=0, i=1,2,3,4. (47) 


We may eliminate H as follows: we multiply (47) by z; and add, getting 


dz; 


= 


(43) 
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But by (24), = R*. Therefore, 


Pz; 


et = 0. (47’) 


On the other hand, (24) gives on differentiating 
dz; 
Differentiating this gives 


Now we have already seen, using (36), that the second term on the left = 1. 


Therefore, 


+1=0. 
This in (47’) gives 
-~14+RH=0 or H= 
which in (47) gives the four equations 
= t= I, » 4, (48) 


which are therefore the differential equations defining an R-straight. These 
equations having constant coefficients belong to a well-known type; their integrals 
have the form 


2; = a; cos—+ b; sins 4= 1, 2, 3, 4. (49) 


R R’ 


Here the constants of integration, a;, b;, are subject to the condition that the z; 
satisfy the relation (24). For s = 0 this gives z; = a; while, for s = rR/2, we 
get z; = b;. Thus the a; and the b; are coérdinates of two points a, b and by (24) 


These 8 constants satisfy another relation, for squaring (49) and adding gives 


> 27 = cos + sin + 2 sin 5 cos 5, 


Therefore, 


R? = (cos —-+ sin + 2 sin 5 cos 
on using (24) and (50). Thus 


0=2 sin 08 ->a,b;, 


R 
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Therefore, 
dab; = 0. (51) 


Thus the 8 constants of integration a;, b; in (49) satisfy the three relations (50), 
(51). The equations (49) together with (50), (51) are the equations of an R-straight. 
We show now that we may determine the a;, b; so that the z; satisfy 


+ + = 0, Byzi + +++ + = 0, (52) 


where the A’s and B’s are arbitrary. Geometrically, these two equations define 
two R-planes or, from the standpoint of E-geometry, two diametral spheres. 
But if the codrdinates z; of (49) satisfy these equations (52), this means that the 
points of an R-straight lie on the intersection of two R-planes (52), and this is 
our fundamental theorem. To prove it we set (49) in (52); we get 


cos sin = 0 


and a similar equation in the B;. This requires that 


+ + a3A3 + = 0, 
bi Ay + + bsAg = 0, (53) 
a,B, + + a,B, = 0, 
b, By + + bs Bg = 0. 


If the two R-planes are distinct, that is, if the B’s are not proportional to the 
A’s, we may for example express a1, a2 in terms of a3, a, and similarly b,, be in 
terms of bz, by. If we put these values of a1, ae, b;, be in terms of a3, a4, bs, bg 
in the three equations (50) and (51), we see that there is only one degree of 
freedom left. That means, for example, that we may take the point a, from 
which we measure s, at any point on the intersection of the two R-planes (52). 

Conversely, the a’s and b’s being chosen so as to satisfy the relations (50), 
(51), the equations (52) determine the coefficients A, B of the two R-planes (52), 
aside of course from constant factors. Thus the fundamental theorem is estab- 
lished. 

Let us multiply the first equation of (52) by By, the second equation by A, 
and subtract; we get 


Cyz1 + Coze + = 0, 


where C; = A;B, — B;A4, i = 1, 2, 3. Replacing the 2’s by their values in the 
x’s by (22), we get 

Cyay + Core + = 0, 
a plane through the origin. Hence R-straights are also the intersection of a 
diametral sphere with a plane through the origin. We may also say from the 


standpoint of H-geometry: an R-straight is a circle cutting the fundamental 
sphere in diametral points. 


(To be concluded in the next issue.) 
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QUESTIONS AND DISCUSSIONS. 
Epitep sy C. F. Gummer, Queen’s University, Kingston, Ont., Canada. 


The department of Questions and Discussions in the MONTHLY is open to all forms of activity 
in collegiate mathematics, including the teaching of mathematics, except for specific problems, 
‘especially new problems, which are reserved for the separate department of Problems and 
Solutions. 


QUESTION. 
50. Professor R. C. Archibald of Brown University, Providence, R. I., will be glad to learn 
if any library in the United States contains the following volumes: (a) Mathematisch-naturwissen- 


schaftliche Blatter, 1. Jahrgang (1904) and 15. Jahrgang (1918); (b) Niewwe Wiskundig Voorstellen 
met derzelver Outbindingen, vol. 2 (1846) with title page and index. 


DISCUSSIONS. 


I. APPROXIMATION TO LoG (1-2-3---z). 


By E. B. Escorr, Walton School of Commerce. 


By the Euler-Maclaurin Summation Formula, we have the well-known 
expansion 


1 1 1 
av! = ] v2 3 
log x og (x + 2) log x 12x 3608 12602° 
1 (1) 


We may also get the following development in powers of x + 4 by the method 
given in Boole’s Finite Differences (2d ed., p. 98): 


log x! = log + (w + 3) log (x + — + 4) — 
7 31 
+ 1)" — 1)Beony1 


(n + 1)(2n + 1)2?"*2(2 4+ 
where the B’s are Bernoulli’s numbers. 
To find an approximate expression for the remainder 
24(a 4) 2880(x + 


let 
1 1 7 
08 ¢ + + 2880(a + 3)! 


Expanding the left member, 


a 1 1 7 
+ 3)! 24(e + 4)? 2880(e + 


f 

| 

i 
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Then 
ka 24" 
and 
2ka? 2880’ 
whence 
7 
5 


Substituting these values in (2), we have 
5 7 
log log + (a + 3) tos (a + 2) (1 + | 
approximately. 


Or, finally 
1, 12 — ll 
log x! = log + (x +3) | 3)— (#+ a+ (3) 


which is the approximate formula sought. 
The above logarithms are natural logarithms. In terms of common loga- 
rithms, 1 would be replaced by logy e, i.e., 


12 11 
logio x!=logio V27+ logio (w7+3)— logio( (4) 
Prof. A. R. Forsyth in the Report of the British Association for the Advancement 

of Science, vol. 53 (1883), pp. 407-8, gives the following approximate formula: 
logio = logio + (a + logio (a? + a+ 4) — logio e]. (5) 


To estimate the degree of the approximation in (4) and (5), let us expand 
them in powers of (x + 4) and compare with (2). 
The expansion of (4) gives 


log x! = log V24 + («+ 4) log (w + 4) — 3) 
(6) 


2880(a + 4)? + 
The expansion of (5) gives 


log = log V2r + (a + 3) log (xn +3) +4) 
2 


1 1 
576(@ + 10368(a + 
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This shows that (4) is a better approximation than Forsyth’s approximation 
(5). 


A well-known approximation is that due to Stirling, 


logio x! = logio + (x + 3) logio x — x logio e. (8) 


To compare the accuracy of the three formule compare the value of 
logio 50! as given by each. 

By (1) or (2) logio 50! = 64.48307 48724 72035 (correct value), 

By (4) logio 50! = 64.48307 48724 72802 (true to 11 decimals), 

By (5) (Forsyth) logio 50! = 64.48307 48584 22193 (true to 7 decimals), 

By (8) (Stirling) logio 50! = 64.48235 10579 85416 (true to 2 decimals). 


II. Note on Torat REPRESENTATIONS AS SUMS OF SQUARES. 
By E. T. Bett, University of Washington. 


Let E(n), O(n) denote respectively the total number of representations of 
the positive integer m as a sum of an even, an odd number of squares of integers 
with roots =0, the order of the squares in each representation being essential. 
Then 

E(2n) > O(2n), O(2n + 1) > E(2n + 1). 


This curious fact was observed while constructing a short table for numerical 
verifications of certain results in the theory of numbers. For example, 


4 85 6 


E(n)=0 4 0 16 8 64 = 64, 
O(n)=2 0 8 2 32 24 128. 


The algebraic proof is immediate. It is well known that the series }> (— x)", 
t 


where ¢ takes the values + 1, + 2, + 3, ---, is absolutely convergent for some 
|2| > 0. Within the region of convergence let s(x) represent the sum of this 
series. The series s(— 2) also is absolutely convergent for some |x| > 0, and 
for |x| sufficiently small! the following is an absolutely convergent power 
series in 2, 


the last following at once from the obvious remark that the coefficient of 2” in 
1 
is E(n) — O(n). 
Evidently our theorem will be proved when we show, as next, that the co- 
efficient (— 1)"{E(n) — O(n)} of x” in this expansion is greater than zero for 
all integers n > 0. 


1 From the simplest considerations on the partition of numbers (as in the Annals of Mathe- 
matics, vol. 23 (1921), p. 61), it can be shown that an interval of convergence is 0 < |z| < }. 
The upper bound } can be increased to 1 by more complicated methods, but this is immaterial 
for the present discussion. 


i 
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From the well-known identity ! 
1+ s(r) = — 2") X — 2”), 


in which the products extend to n = 1, 2, 3, ---, m = 1, 3, 5, +++, it is obvious 
that the coefficient of each power of x occurring in the power series expansion of 
earols an integer > 0. But in this development it is evident from the 

form of the products that each exponent of z is of the form al; + bm, in which 
a, b = 0 with the exception of a = b = 0, 1; > 0 is an even integer, m; > 0 is 
an odd integer. Now every integer > 0 is of this form, and in the development 
l;, m, run through all even integers > 0, all odd integers > 0. Hence every 
integer n > 0 occurs as an exponent of 2, and therefore (— 1)"{E(n) — O(n)} 
> 0 for every integer n > 0. 


III. A GrapuicaL Metuop oF SOLVING SIMULTANEOUS LINEAR EQUATIONS. 


By J. P. BALLantinE, Columbia University. 


Suppose it is desired to find a solution of the following simultaneous linear 
equations: 
3x — 2y = 4, 
y= 5. 


It is desired to find a number z which multiplied by the vector (3, 2) and a number 
y which multiplied by the vector (— 2, 1) will be so chosen that the sum of the 
two resulting vectors is the vector (4, 5). This gives rise to the following geo- 
metrical representation of the problem. The vectors (3, 2) and (— 2, 1) are 
laid off, and it is geometrically apparent that, in order to obtain (4, 5), it is neces- 
sary to take the first vector twice and the second vector once. Hence the 
solution is obtained by taking x = 2 and y= 1. It is also clear that if the 
solution were to come out fractional, as good estimates of these fractions could 
be obtained by the above geometrical interpretation as from the usual method 
of plotting the two loci, and estimating the coédrdinates of the point of intersection. 

Each of the two geometrical methods has its own advantages. For instance, 
if the problem were varied by altering one of the two equations, the method 
which plots the loci of the two equations would be preferable. On the other 
hand, if the problem were varied by replacing the right-hand members, 4 and 5, 
by different pairs of numbers, then the method suggested in this paper would 
be preferable. In practical work this situation often arises. Suppose, for 
instance, one is using the so-called method of diminishing the constant terms. 
In this method one assumes an approximate solution X and Y, and finds that 
the differences x — X and y — Y satisfy simultaneous equations differing from 
the original ones only in the right-hand members. The same figure which 
suggested that XY and Y were approximations can be used with the new right- 
hand members to suggest second approximations. Thus a process similar to 
Horner’s method may be carried out. 


1See any text on elliptic functions; e.g., Hancock, Theory of Elliptic Functions, p. 397. 


e 
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No novelty is claimed for the above method. It is one in common use in 
general analysis. It is laid before the readers of the MoNnrTHLY as a method of 
familiarizing the freshman with the notion of a vector as a number pair. 


RECENT PUBLICATIONS. 
REVIEWS. 


Statistical Method. By T. L. Kettey. New York, The Macmillan Co., 1923. 

xi + 390 pages. Price $4.00. 

“This book has been written with a view to serving two needs; that of 
biologists, economists, educators and psychologists, who know little of higher 
mathematics, possibly care less, and who use statistical methods merely as a 
device to portray the facts of their group investigations; and that of those in 
the same fields who resort to mathematics to aid in the discovery of new truths.” 

The treatment is inductive; usually a set of data is taken, the best method 
of analysis for the particular set is discussed and exemplified, general formulas 
and statistical constants are derived, and their meanings and significance are 
clearly interpreted with reference to the concrete problem considered. In this 
way the student is taught to examine data carefully and intelligently, and to 
endeavor to invent new methods of analysis if necessary, instead of using known 
formulas mechanically, regardless of whether they are applicable to the observed 
situation. 

The material dealt with is practical data from widely diversified fields, 
rather than such nearly ideal distributions as are obtained by card drawing, dice 
throwing, and the like. 

The methods and notations employed are, in the main, those of the English 
school of statisticians. 

The book could hardly be read without a considerable knowledge of statistical 
method, although the beginner could undoubtedly profit by reading the first 
few chapters. It does not, however, presuppose an extensive mathematical 
training on the part of the student. 

Some of the general topics considered are tabulation and plotting of series, 
graphic methods, measures of central tendency and dispersion, the normal 
probability distribution, methods of fitting curves to distributions. An extensive 
discussion is given of methods of measuring relationship. In connection with 
multiple correlation the author presents a method of successive approximations 
that he has developed for finding the values of the regression coefficients and the 
multiple correlation coefficient. In a chapter on sundry special problems—and 
elsewhere throughout the book—Professor Kelley has incorporated certain of his 
original investigations. The concluding chapter is devoted to index numbers. 

In an appendix are to be found a list of more than one hundred important 
symbols, a bibliography of nearly three hundred titles, and the Kelley-Wood 
table of the normal probability integral. This table gives the values of the 
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abscissa x and the ordinate z of the normal probability curve z = slg er, 


V20 
corresponding to values of the area [ = f zdx, for every thousandth from 
0 


0.000 to 0.499. It also gives values of g (= 0.5 — J), the area of the smaller 
portion cut off by a given ordinate, of p (= 0.5 + J), the area of the larger portion, 
and of z/q, 2/p, and pg. The table should prove a valuable supplement to such 
tables as those of Sheppard. 

At the end of the book is an alignment chart, devised by the author, which 
appears to be very useful in computations, especially in those connected with 
multiple correlation work. ; 

The reviewer detected incidentally a number of typographical errors— 
perhaps not an undue number for a book containing so many formulas and 
symbols—most of which are not serious, consisting principally of carelessness in 
the use of exponents and subscripts (the use of one in place of the other, etc.), 
and the use of wrong letters (e.g., wu for u, n for n). Attention ought to be called, 
however, to the important formula [22], p. 79, for the standard deviation, which 


should read 


and also to the formula for ¢,,, p. 84, which should read 


Is Mn) | 
N 
M 
On the whole, Professor Kelley’s book is a decided contribution to the litera- 
ture on statistical method. It is thorough in its treatment, and the material 
is perhaps as systematically organized as is possible in a book with such a compre- 
hensive scope. It will undoubtedly prove extremely valuable to the student of 
statistics, who will find in it an abundance of interesting material, no matter 
in what direction his inclinations may lie. 


P. R. Riper. 


Introduction to the Calculus. By W. F. Oscoop. The Macmillan Co., New 

York, 1922. 449 pp. and 133 figs. Price $2.90. 

Professor Osgood’s first text-book on calculus which appeared in 1907 under 
the title of A First Course in the Differential and Integral Calculus gained a well- 
deserved popularity and passed through four reprintings. In January, 1921, 
the first part on differential calculus was revised and appeared under the title 
Elementary Calculus. The present book contains the eight chapters contained 
in the latter together with seven additional chapters. 

The chief changes in the order of presentation and content may be briefly 
summarized as follows: (1) the chapter on Infinitesimals and Differentials is 


— 
N 
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placed before the treatment of the derivatives of the transcendental functions, 
(2) the chapter on Differentiation of Transcendental Functions has been divided 
into three separate chapters and appears under the titles 7rigonometric Functions, 
Logarithms and Exponentials, and Inverse Trigonometric Functions, (3) some of 
the applications given in the last chapter of the original text appear in the earlier 
parts of the new text, notably Newton’s Method for solving an equation approxi- 
mately appears in Chapter VII under Applications and Simpson’s Rule for the 
approximate evaluation of a definite integral in Chapter VII on Definite Integrals, 
(4) the latter part of Chapter XIV as well as Chapters XV-XX are omitted 
(with the exception of the topics noted under (3) dealing with Applications of 
partial derivatives to the Geometry of Space, Taylor’s Theorem for Functions of 
Several Variables, Envelopes, Double Integrals, Triple Integrals, and Approximate 
Computations). 

The point of view of the revised text is essentially that of the original, viz., 
to afford the student an opportunity to develop skill in the use of the methods 
of the calculus both by solving formal problems and by putting these methods 
to work in geometrical and mechanical settings. For the latter purpose Professor 
Osgood draws freely on the wealth of problems to be had in these two fields. 
The number of these excellent problems has been increased. The very interesting 
problems on small errors have been omitted though they form a most valuable 
application of differentials. Despite this fact, the student working through a 
moderate number of the problems of this text cannot help but emerge with a 
definite picture of the calculus at work in a manner which illustrates its true value. 

Professor Osgood’s style is very clear and this virtue is emphasized in the 
revised text by the relegation to the background of proofs and lengthy definitions 
until the student by actually rubbing shoulders with his new acquaintances 
learns to call them by their first names. In some cases, proofs are omitted 


t 
entirely with a reference to the original text, e.g., the proof for lim (1 + ‘) = @. 
t—> 


As a student, the reviewer recalls Professor Osgood’s statement that rigor in 
mathematics is nothing other than clearness. Without sacrificing rigor, Professor 
Osgood has undoubtedly gained in simplicity by stating certain fundamental 
theorems without proof. 

The subject of definite integrals is undoubtedly the hardest topic for treatment 
in a beginning calculus course. A first course must necessarily rely at this 
point on the intuition of the student, with an occasional glimpse at the facts. 
However, unnecessary restrictions can only introduce complications without 
materially simplifying the subject. For instance, to restrict continuous curves 
to mean only those with a finite number of extremes without making use of this 
restriction is needless and beclouds the issue. If complete proofs cannot be 
given in the less restricted case, would it not be wiser to state the facts in the 
more general case deferring the proof until a later course? Professor Osgood 
seems to depart at this point from the procedure adopted in the earlier chapters. 

The reviewer has called attention in a recent number of the Monruty (1922, 
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239-250) to Professor Osgood’s original text-book treatment of Duhamel’s 
Theorem, and others have done the same before him. On p. 302, the statement 
of the theorem is modified to meet this criticism, by the addition of the phrase 
“7e., lim & = 0, k varying in any manner whatever as n increases.” In applying 
the test in the form lim “= 1, we are obliged to make the two unnecessary 
n—>o PE 
restrictions that x and y shall each be positive. This would have been obviated 
by changing the test to that of lim (a, — 8.) = 0. The range of application of 


this theorem in the new edition is not as wide as that in the old, nor is the ease 
of application any greater. 

On the whole the excellent qualities of the original text are to be found in 
the present, together with improvements in simplicity and new problems. The 
only typographical error noticed is in the seventh line of p. 302, where “high” 
should be replaced by “higher.” 

H. J. 


NOTES ON RECENT PUBLICATIONS. 


Wissenschaftliche Vortrége gehalten auf dem 5. Kongress der skandinavischen 
Mathematiker in Helsingfors vom 4. bis 7. Juli 1922 (Helsingfors, Akademische 
Buchhandlung, 1923, 4 + 315 pp.) is by far the largest of the reports of the five 
congresses held; the others were in 1909, 1911, 1913, and 1916. The next is 
to be at Copenhagen in 1924. The report of the fourth congress, which was 
printed at Upsala in 1920, is excessively rare owing to some misunderstanding 
regarding the number of copies to be published. Possibly there is not more. 
than one copy in America. 

An extended paper (52 pages) by Professor W. E. MILNE on “Damped 
vibrations” appears as vol. 2, No. 2, of the University of Oregon Publications. 
This consists mainly of the study of the equation 


R(v) + Cy = 0, 


the resistance R(v) being an arbitrary function of the velocity. Fifteen pages 
of tables furnish numerical values for the solution of the important cases. 


ARTICLES IN CURRENT PERIODICALS. 


AMERICAN JOURNAL OF MATHEMATICS, volume 45, January, 1923: “On the number of 
solutions in positive integers of the equation yz + zx + zy =n” by L. J. Mordell, 1-4; “A 
closed set of normal orthogonal functions” by J. L. Walsh, 5-24; ‘‘Congruences determined by 
a given surface’”’ by Claribel Kendall, 25-41; ‘Linear partial differential equations with a con- 
tinuous infinitude of variables” by I. A. Barnett, 42-53; “‘On the ordering of the terms of polars 
and transvectants of binary forms” by L. Isserlis, 54-71. 

ANNALES DE L’ECOLE NORMALE SUPERIEURE, volume 58, May, 1923: ‘Sur une classe 
d’équations fonctionnelles” by G. Julia (continuation), 129-150; ‘‘La théorie des marées et les 
équations intégrales” by G. Bertrand, 151-160 (continued).—June, 1923: “La théorie des 
marées et les équations intégrales” by G. Bertrand (continuation), 161-192. 


i 
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ANNALS OF MATHEMATICS, second series, volume 24, September, 1922: “ Periodicities in 
the theory of partitions” by E. T. Bell, 1-22; “Functionals of summable functions” by W. L. 
Hart, 23-38; “Periodically closed chains of reduced fractions’? by A. Arwin, 39-68; ‘On certain 
linear differential equations of the second order” by F. H. Murray, 69-88. 

BULLETIN DES SCIENCES MATHEMATIQUES, second series, volume 47, June, 1923: 
Review by E. Cartan of Assier de Pompignan, Note sur le calcul tensoriel (Paris, 1923), 193; 
“Une lettre inédite de Descartes au Pére Mersenne” by H. Omont, 194-195; “ Démonstration 
du théoréme de Riesz-Fischer et du théoréme de Wey] sur les suites convergentes en moyenne” 
by M. Plancherel, 195-204; ‘‘Mouvement d’un solide pesant fixé par un point voisin de son 
centre de gravité’’ by H. Vergne, 204-224 (continued).—July, 1923: Review by A. Lebeuf of 
H. Andoyer, Cours d’Astronomie. Ire partie (3d ed., Paris, 1923), 225-229; ‘Sur les modes de 
continuité de certaines fonctionnelles” by G. Bouligand, 229-244; “‘Mouvement d’un solide 
pesant fixe par un point voisin de son centre de gravité”” by H. Vergne (continuation), 244-256 
(continued). 

BULLETIN OF THE AMERICAN MATHEMATICAL SOCIETY, volume 29, June, 1923: “In- 
corporation of the American Mathematical Society” by R. G. D. Richardson, 241; “Report on 
curves traced on algebraic surfaces’ by S. Lefschetz, 242-258; ‘‘ Note on the convergence of 
weighted trigonometric series” by D. Jackson, 259-263; “Proof of a formula for an area” by 
H. E. Bray, 264-270; ‘Mathematics for the layman” [review of C. J. Keyser, Mathematical 
Philosophy, A Study of Fate and Freedom (New York, 1922)] by J. W. Young, 271-274; “Two 
translations of Archimedes”’ [review of P. VerEcke, Les Oeuvres Completes d’Archiméde (Paris 
and Brussels, 1921) and of A. Czwalina-Allenstein, Kugel und Cylinder von Archimedes (Leipzig, 
1922)] by D. E. Smith, 274-276; ‘A course in exterior ballistics’”’ [review of the Ordnance Text- 
book of the same title (Washington, 1921)] by J. E. Rowe, 277-279; Reviews: by W. D. Mac- 
Millan of E. Goursat, Lecons sur l’Intégration des Equations aux Dérivées Partielles du Premier 
Ordre (2d edition, Paris, 1922), 280, and of L. Schlesinger, Hinfiihrung in die Theorie der gewéhn- 
lichen Differentialgleichungen auf funktionentheoretischer Grundlage (3d edition, Berlin, 1922), 
282; by V. Snyder of T. Schmid, Darstellende Geometrie (volume I, 3rd edition, Berlin and Leipzig, 
1922), 280; by J. Lipka of M. Ensslin, Elastizitdtslehre fiir Ingenieure, I (2d edition, Berlin and 
Leipzig, 1921), 281; by E. B. Wilson of R. Vance, Business and Investment Forecasting (New 
York, 1922), 281; and by E. P. Adams of L. Rougier, La Matiére et l’ Energie selon la Théorie de 
la Relativité et la Théorie des Quanta (new edition, Paris, 1921), 282; Notes, 283-285; New Publi- 
cations, 286-288. 

JOURNAL DE MATHEMATIQUES PURES ET APPLIQUES, series 9, volume 2, 1923: “Con- 
tribution 4 la géométrie conforme. Cercles et surfaces cerclées’”’ by E. Vessiot, 99-165; ‘Sur 
un théoréme fondamental de M. H. Weyl” by E. Cartan, 167-192; ‘“‘Remarques diverses sur 
le calcul aux différences finies’’ by N. E. Nérlund, 193-214. 

JOURNAL FUR DIE REINE UND ANGEWANDTE MATHEMATIK (Crelle), volume 152, nos. 
3-4, 1923: “Die kubische Raumkurve als Leitkurve von Regelflachen dritten bis sechsten Grades”’ 
by T. Reye, 125-128; ‘Ueber die Darstellbarkeit von Zahlen durch quadratische Formen im 
K6rper der rationalen Zahlen” by H. Hasse, 129-148; ‘Ueber eine Verallgemeinerung der 
Tetraedergruppe” by F. Burkhardt, 149-155; ‘Ueber Kollineationen und Korrelationen im 
Raume”’ by O. Staude, 156-177; “Eine stetige nicht differenzierbare Funktion im Gebiete der 
Henselschen Zahlen”’ by K. Rychlik, 178-179; “‘Irreduzible Formen”’ by J. Kiirschék, 180-191; 
“Bemerkungen und Ergiinzungen zum Beweis eines Kummerschen Theorems” by G. Rados, 
192-197; “Ueber die Lehre vom statistischen Ausgleich” by P. Riebesell, 198-204; “Ueber die 
Aquivalenz quadratischer Formen im Kérper der rationalen Zahlen’”’ by H. Hasse, 205-224; 
“Ueber ein neues Normenrestsymbol und seine Anwendung auf die Theorie der Normenreste in 
allgemeinen algebraischen Kérpern” by K. Hensel, 225-234; ‘‘Klassenanzahlen bei linearen 
Substitutionen” by H. Brandt, 235-238; “Ueber Asymptoten ebener Kurven”’ by O. Haupt, 239. 

MATHEMATISCHE ANNALEN, volume 89, nos. 3-4 (published June 28, 1923): “Zur Theorie 
der linearen Integralgleichungen’”’ by R. Courant, 161-178; ‘“Analytische Fortsetzung und 
konvexe Kurven” by G. Polya, 179-191; ‘Die Integrodifferentialgleichungen vom Faltungsty- 
pus” by G. Doetsch, 192-207; ‘‘ Ueber die ebene radiale Strémung eines Gases mit Beriicksichti- 
gung der Reibung”’ by T. Poschl, 208-214; ‘Neue zahlentheoretische Abschitzungen’”’ by J. 
G. van der Corput, 215-254; “Zur Geometrie der Zahlen”’ by W. Scherrer, 255-259; ‘‘ Bestim- 
mung aller algebraischen W-Kurven” by H. Mohrmann, 260-271; ‘La curva razionale normale 
ed i suoi gruppi proiettivi’”” by A. Comessatti, 272-297; “‘Ueber S. Lies Geometrie der Kreise 
und Kugeln”’ by E. Study (3d article), 298-314 (continued); ‘“Bemerkung zu E. Study’s Aufsatz: 
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‘Ueber S. Lies Geometrie der Kreise und Kugeln’ ” by H. Mohrmann, 315-319; Nachwort von 
E. Study, 319-320. 

_ MESSENGER OF MATHEMATICS, Volume 52, January-February, 1923: “An expansion in 
factorials similar to Vandermonde’s theorem, and applications” by D. Edwardes, 129-136; 
‘“* Green’s dyadics in the theory of elasticity”’ by C. E. Weatherburn, 136-156; ‘‘A property of the 
bitangents of a plane quartic curve” by H. Hilton, 156-158; “On rational approximations to 
cyclical cubic irrationalities’”” by W. Burnside, 158-160. 

NATURE, volume 112, July 14, 1923: “A puzzle paper band” by D’Arcy W. Thompson, 
56-57; ‘The transfinite ordinals of the second class” by H. C. Pocklington, 57.—July 21: ‘The 
Drapers’ company and statistical research”’ [review of K. Pearson, Studies in National Deteriora- 
tion, IV: On the Relationship of Health to the Psychical and Physical Characters in School Children], 
91-92; “Stirling’s theorem” by J. Henderson, 96-98. 

NOUVELLES ANNALES DE MATHEMATIQUES, volume 80, July, 1923: ‘Sur les points 
doubles des lieux géométriques et sur la construction par régions” by J. Hadamard, 364-379: 
“Sur les liaisons de roulement’”’ by Et. Delassus, 379-383; ‘Concours d’agrégation de 1922. 
Solution de la question de mathématiques spéciales” by J. Lemaire, 385-402 (continued). 

PROCEEDINGS OF THE LONDON MATHEMATICAL SOCIETY, second series, volume 20, 
1923: ‘‘Einstein’s theory of gravitation as an hypothesis in differential geometry”’ (Presidential 
address) by J. E. Campbell, 1-14; ‘‘Some problems of Diophantine approximation: the lattice- 
points of a right-angled triangle” by G. H. Hardy and J. E. Littlewood, 15-36; “On some solu- 
tions of the wave equation” by H. J. Priestley, 37-50; “Some problems in wireless telegraphy”’ 
by H. M. McDonald (Address of the retiring president), 51-58; “The three-bar sextic curve” 
by G. T. Bennett, 59-84; “On the use of a property of Jacobians to determine the character of 
any solution of an ordinary differential equation of the first order or of a linear partial differential 
equation of the first order” by M. J. M. Hill, 85-92; “On plane curves of degree n with a multiple 
point of order n — 1 and a conic of 2n-point contact” by H. Hilton, 93-100; “Relation between 
apolarity and Pippian-Quippian syzygetic pencil’? by W. P. Milne and G. T. Taylor, 101-105; 
“A note on apolarity” by H. W. Richmond, 105-106; ‘Relation between apolarity and a certain 
porism of the cubic curve” by W. P. Milne, 107-122; “ An example of a thoroughly divergent orthog- 
onal development” by H. Steinhaus, 123-126; ‘Approximate solution of linear differential 
equations” by R. H. Fowler and C. N. H. Lock, 127-147; “Tidal oscillations in gulfs and rec- 
tangular basins” by G. I. Taylor, 148-181; ‘On the partial derivates of a function of many 
variables” by G. C. Young, 182-188; ‘The product of two hypergeometric functions” by G. M, 
Watson, 189-195; “Diffusion by continuous movements” by G. I. Taylor, 196-212; “On Dr. 
Sheppard’s method of reduction of error by linear compounding” by A. S. Eddington, 213-221; 
“Extended meaning of conjugate sets” by W. F. Sheppard, 222-224; “Arithmetic of quaternions”’ 
by L. E. Dickson, 225-232; “The classification of rational approximations’’ by P. J. Heawood, 
233-250; ‘‘The differentiation of the complete third Jacobian elliptic integral with regard to the 
modulus, with some applications” by F. Bowman, 251-263; ‘“‘On the maximum errors of certain 
integrals and sums involving functions whose values are not precisely determined” by E. A. 
Milne and 8. Pollard, 264-288; “On the reciprocity formula for the Gauss’s sums in the quadratic 
field” by L. J. Mordell, 289-296; “Sur une série de polynomes dont chaque somme partielle 
représente la meilleure approximation d’un degré donné suivant la méthode des moindres carrés”’ 
by C. Jordan, 297-325; ‘An extension of two theorems on Jacobians”’ by C. W. Gilham, 326-328; 
“The group of the linear continuum” by N. Wiener, 329-346; “On the distribution of energy 
in air surrounding a vibrating body”’ by J. E. Jones, 347-364; ‘On a generalisation of Lagrange’s 
series” by M. Kossler, 365-373; ‘On certain classes of Mathieu functions” by E. G. C. Poole, 
374-388; “On the torsion of a prism, one of the cross-sections of which remains plane” by S. 
Timoschenko, 389-397; “‘A membrane analogy to flexure’”’ by S. Timoschenko, 398-407; ‘Note 
on certain modular relations considered by Messrs. Ramanujan, Darling, and Rogers” by L. J. 
Mordell, 408-416; ‘On double surfaces” by B. M. Sen, 417-434; ‘The algebraic theory of 
algebraic functions of one variable” by S. Beatty, 435-449; ‘On the integrals of the differential 
equations of the first order derivable from an irreducible algebraic primitive” by M. J. M. Hill, 
450-464; “The invariant theory of three quadrics’”’ by H. W.. Turnbull, 465-489; “On the 
transformation of certain solutions of the electromagnetic equations” by J. Brill, 490-493; “Cy- 
clotomic quinque-section for every prime of the form 10n + 1 between 100 and 500” by P. O. 
Upadayaya, 494-496. 

RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO, volume 47, no. 1, 1923: “Sopra 
un’equazione funzionale e sopra alcuni sviluppi in serie” by P. Nalli, 1-14; ‘Sur un systéme de 
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trois équations linéaires et homogénes aux dérivées partielles’” by P. Appell, 15-16; ‘Sulle 
superficie contenenti una famiglia prefissata di linee geodetiche od asintotiche” by E. Laura, 


17-24; “Sur le développement de l’intégrale Sf pe. dy en fraction continue et sur les 


polynomes de Tchebycheff” by J. Chokhatte, 25-46; “Sur les courbes associées de convergence 
des séries de polynomes 4 deux variables complexes’”’ by N. Abramesco, 47-52; “On the value 
of the remainder in the Euler summation formula when that formula is expressed in terms of 
finite differences” by C. R. Adams, 53-61; “Sur une propriété remarquable des polynomes 
trigonométriques 4 coefficients entiers’’ by G. Rados, 62-64; “Contributo alla teoria delle equa- 
zioni algebriche”’ by P. Mazzoni, 65-108; ‘‘Lemma fondamentale per il calcolo approssimato 
delle radici di una equazione”’ by G. Mammana, 109-114; “Beitrag zur Schmidt’schen Theorie 
des symmetrischen Kerns” by J. Mollerup, 115-143; “Sur l’intégration des équations du déplace- 
ment paralléle de M. Levi-Civita”’ by P. Dienes, 144-152. 


PROBLEMS AND SOLUTIONS. 


Epitep By B. F. Frnxet, Orro DUNKEL, AND NORMAN ANNING. 
Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 
PROBLEMS FOR SOLUTION. 


[N. B. Problems containing results believed to be new, or extensions of old results, are espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, proposers 
would also enclose any solutions or information that will assist the editors in checking the state- 
ments. In general, problems in well-known text-books, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Montuty. In so far as possible 
however, the editors will be glad to assist the members of the Association with their difficulties in 
the solution of such problems.] 


3044. Pogues by EUGENE M. BERRY, West Lafayette, Indiana. 
=n 
1. Express Tl cos a; as a summation of cosines, each term to be of the form C cos (+ a1 
k=1 


+ +03; +++ 
k=n . . . . 
2. Express | tt sin a; as a summation of sines or cosines according as n is odd or even. 
j=m 
3. Express ] ss sin ay: pus cos b; as a summation of sines or cosines according as n is odd or even. 


3045. Proposed by S. A. COREY, Des Moines, Iowa. 
If in the equation 


1 C5 Cr Ce 
C3, Cs, C7, *** C, be given and retain such constant values that (1) is satisfied for all positive odd 
integral values of s, (s > 1), prove that if s be decreased by unity (so that s = 2n), then the left 
member will become equal to + B,, according as n is odd or even, B, being Bernoulli’s nth 
number. Also show how any one of the constants c may be found without first finding all the 
preceding constants. 


3046. Proposed by A. L. WECHSLER, New York City. 
What is the probability that there will be at least r consecutive heads out of n tosses of 
a coin? 


3047. Proposed by ARNOLD DRESDEN, University of Wisconsin. 
Prove that for any positive integer n, 


where k; and p; are positive integers, k; being the distinct elements of any t-partite partition of 
n (t = 1---n) and p; the number of parts of the partition which are equal to k;. 


1 
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3048. Proposed by H. C. BRADLEY, Massachusetts Institute of Technology. 
Cut two equilateral triangles of any relative proportions into not more than five pieces which 
can be assembled to form a single equilateral triangle. 


3049. Proposed by H. GROSSMAN, (Student) College of the City of New York. 
Prove that every factor of 2?" + 1 is congruent to 1 mod 2"*!, and that no two different 
numbers of the form 22?” + 1 have a common factor. 


SOLUTIONS. 
2980 (1922, 271]. Proposed by J. ROSENBAUM, Milford, Connecticut. 
Locate a point such that the sum of its distances from n given points shall be a minimum. 
SoLtuTion BY H. M. Lurxin, Dunkirk, N. Y. 


Let the rectangular coérdinates of the n given points Pi, P2, P3, --+, Pn taken counter 
clockwise be (21, y1), Y2), Ys), (Xn, Yn), respectively, and let the codrdinates of the 
required point, P, be (z, y). 

Then the sum of the distances from the required point, P, to the n given points is 


t=n t=n 
fz, y) = 2 y— =z 
say. The necessary condition that f(x, y) shall be a minimum is that 
Ox Pi p2 Pn 
and 
of — Un 
oy Pi p2 Pn 
Denote by 6; the angle between the positive sense of the x axis and the line PP; (i = 1, 2, --+, n); 
then 
of of t=n 
> cos@, (1) sin 6;. (2) 
dy 


A necessary condition that f(z, y) shall be a relative minimum is that these shall be equal to 
zero. The point (2, y) can then be determined by solving (1) and (2). 

The function f(z, y) is continuous at all points of the plane and the first derivatives exist 
at every point except Pi, Po, «++, Px. If we enclose the polygon in a large boundary, the value 
of the function f(z, y) is less within the boundary than on it. Hence the function f(z, y) takes 
on its absolute minimum either at a point where the first derivatives vanish or at P:, Ps, etc. 

In the case of the triangle, none of whose angles equal or are greater than 120° this point 
is one of the isogonal points, and where one angle equals or is greater than 120° it occurs at the 
vertex of the obtuse angle. In the case of the quadrilateral the point is the intersection of the 
diagonals. 


Also solved by T. M. BLaksLeEeE and F. L. Witmer. 


Note By Orro DunxkEL, Washington University.—If a convex polygon be 
drawn containing all the points in its interior or on its boundary and having 
for its vertices points of the given set, then the minimum must occur either 
within or on the boundary. If we suppose that each point P; exerts a unit 
attractive force upon a particle P in any position of the plane, then the vanishing 
of the derivatives in (1) means that equilibrium occurs. This gives at once 
the position of P in the case of a triangle having no angle as great as 120° and 
in that of a convex quadrilateral. In the case of four points such that one point 
lies within or on a side of the triangle formed by the other three, it is easily 


| 

| 

| 

| 
| 

| 

| 


or 
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shown by elementary geometry that the minimum occurs at this point. The 
case of the convex quadrilateral is also easy by elementary geometry. In the 
case of a triangle having no angle as great as 120° there is a known simple geo- 
metrical proof as follows: Let P be the point within the triangle ABC at which the 
sides subtend angles of 120°. Perpendiculars to PA, PB, PC at A, B, C, 
respectively, form an equilateral triangle. If Q is any point within this equi- 
lateral triangle, the sum of its distances from the sides is constant and equal to 
the altitude of the triangle. But this sum is less than QA + QB + QC unless 
Qis at P. Hence the minimum is at P. If an angle is equal to or greater than 
120° it may be shown by elementary geometry that the minimum occurs at the 
vertex of the angle. See 1920, 38 for four solutions in the case of the triangle 
and references on pages 40, 41. 


2983 [1922, 313]. Proposed by R. S. UNDERWOOD, Alabama Polytechnic Institute. 
Prove that the following terminating series have the sums indicated, where by 0! is meant 1! 


1 1 1 2* 

1 1 1 2* 
(2) in + 1)! 
(These are coincident for n even but are distinct for n odd.) 
1 1 1 _ a(— 
(3) nil! (nm — 2)!3! (n — (n+) 


where [n/4] denotes the greatest integer not exceeding n/4,and where a = 1, 2, 2, 0 according as 
n is congruent to 0, 1, 2, 3 (mod 4). 
Obtain a similar form for the series 

1 1 1 


(4) 


Obtain also the sums of the following terminating series and of the four series obtained 
from them by changing the signs of the alternate terms: 


(6) 


(n — 1)!2! (n — 5)!6! (n — 9)!10! 


BY J. F. University of Iowa. 


From the binomial theorem 


(n + 1)! (n+ 1)! 


Adding (A) and (B) and dividing by 2(n + 1)!, we have equation (2). Subtracting (B) from 
(A) and dividing by 2(n + 1)!, we have equation (1). 


(A) 


(B) 


t 
r 
t 
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Again from the binomial theorem, together with De Moivre’s theorem 


(1 + = (cos + i sin- 7) 
nil! (n — 2)!3! (n — 4)!5! 
Now sin at ae = =. = 0, -— > -1,- 2. 0 according as n is congruent to 0, 1, 2, 


3, 4, 5, 6, 7 ‘e 8). Hence, equating coefficients of i and dividing by (n + 1)!, we obtain 
equation (3). Equating the real terms in the ee equation and dividing by (n+ 1)! and 


noting that cos - + ,0, -l1,- ~ , 1 according as n is congruent to 0, 
1, 2, 3, 4, 5, 6, 7 aud 8), we have 

) 1 1 1 — 4)[n/4] 
(4) + ot 


where 6 = 1, 0, — 2, — 4 according as n is congruent to 0, 1, 2, 3 (mod 4). 
Adding equations (1) and (3) and dividing by 2, we obtain 


1 1 1 2" + 4) 


nil! + (n — 4)!d! 


(5)  ta+i 


Similarly from equations (2) and (4), we obtain 
1 1 1 2" + B(— 4) [nis] 
(n + 1)!0! (n — 3)!4! + + 


(6) — Qian +1)! 
By subtracting (3) from (1) and dividing by 2, we obtain 


1 1 2" — a(— 4) 
(n — 2)!3! (n — 6)I7! 2(n + 1)! 


(7) 
and by subtracting (4) from (2) and uividing by 2, we obtain 


1 1 _ — B(— 4) 


In order to sum the series formed from (5), (6), (7), and (8) by changing the signs of alternate 
terms, we expand 
(1 =i)" d ( 1 ntl 
v2 v2 wW 


and in each case equate reals to reals and imaginaries to imaginaries. 
The following formulas result: 


(8) 


(2 + 42) cog (n +1)r _ (n + 1)n(n — 1) 
8 v2 3! 
1 (n + 1)n-- — 3) 1 (n+ 1)n---(n — 5) C) 
(n +s 1)n-- — 5) 
+- 8! 


1 (n 3) (n + 1)n-+-(m — 4) ak: (n 1)n---(n — 5) 
2 5! 6! 2 7! 


1923. ] PROBLEMS AND SOLUTIONS. 453 


(2 — 42) eos (n =1-—-—(n+1)+— + Date 
— St dais — 1)(n — 2) — 5) (E) 
! 2 5! V2 7! 
(n + 1)n---(n — 6) 
+ 
8! 
(2 — sin (n + 1 +1) (n+ 1)n + 1 (n+ 1I)n(n — 1) 
2! V2 3! 
3) 4 (n + 1)n---(n — 4) _ 1 — 5) (F) 
v2 5! 6! V2 7! 
Numbering the series with alternate signs (9), (10), (11), and (12), we have 
1 (n+ 1)n-- Ss 3) 4 & + 1)n---(n — 7) 
v2 7 
(n + (n+1)34 
n+1)/2 —s 
(2 — { cos sin 
= [ (2 + v2) cos (n (2 V2) sin (3n 
1 (n + 1)n(n — 1)(n — 2) , (n+ 1)n---(n — 6) ; 
(10) (n + 1)! E + 8! | 
1 
= 3m +! + 
[ (2 + cos D+ (2 — | 
1 (n + 1)n(n — 1) PR aR (n + 1)n---(n — 9) 
7! + 11! | 
> 
= aes (C) + (D) — (E) + (FP)] 
[ — (2+ cos sin @+ Ds } 
(n+ n+1)34 
+ (2 — y2)+ { cos 3 + sin 3 } 
= [e + sin + (2 — cos 
1 (n+1)n (n+ 1)n---(n — 4) (n + 1)n---(n — 8) 
= {((D) — (F)] 
2(n 1)! [ (2 + sin (n (2 V2) sin (n 


Taking half the sum and half the difference of series (5) and (9); of (6) and (10); of (7) 
and (11); and of (8) and (12), we have eight other series of positive terms whose sums will thus 
be known. 

If now we form the eight corresponding series with alternate signs, we can sum them by 
employing eighth roots of — 1 in a manner similar to that in which we have employed square roots 
and fourth roots. Then sixteen new series of positive terms can be formed, and the sixteenth 
roots of — 1 employed as before to sum the corresponding series with alternate signs. Evidently 
this may be carried on indefinitely. 


iq 

iq 

1 

i 

if 
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Also solved by A. PELLETIER and M. Povutsky. 


2987 [1922, 356]. Proposed by PHILIP FitCH, North Denver High School, Colorado. 

A flexible chain of length / and uniform weight is fastened at one end to the ridge of a 
roof with pitch p and slant height L. If the eaves of the roof are at a height h from the ground 
and the coefficient of friction between the chain and the roof is u, how long will it take, after 
releasing the chain, for the highest end to reach the ground? 


SoLuTIon BY Hoover, Columbus, Ohio. 


The whole motion is supposed to be through the distances L and h, with no crumpling of 
the chain excepting in the last stage; also, 1 < L andl <h. 

(i) For the time through L — l. 

Let w = the distance passed over by the whole chain at the end of time ¢ from the beginning 
of motion; then the moving mass being constant, m being the mass of a unit of length of the chain, 
resolving forces along the plane, the equation of motion is 


dw 
ml ae = mgl sin p — pmgl cos p 


or, putting = tan a, 
ib = g sec a sin (p — a). (1) 


Multiplying by 2w and integrating, taking ” = 0, when w = 0, 


w? = 29 sec asin (p — a)w = 2k*w, 


say, or, = 
dw/2Vw = k/~2 dt. (2) 
Integrating 
t; = x2 vo = x2 NL 
k 0 k 


Also, when w = L —1, = = kW2(L — 

(it) For the time from the moment ¢, till the whole chain first becomes vertical. 

Let x = the distance the upper end of the chain has moved down the plane after time ¢ in 
the second stage of motion; then! — x and z are the parts of the chain on the plane and vertical; 
also let 7’ = the tension acting on the two parts. 

The equations of motion then are 


2 
m(l — x) < (l — x) = mg(l — x) sin p — wmg cos p(l — x) —T 


or 
m(l — 2) = — mg(l — x) sec asin (p— a) +T 
and 
mr = — 
Eliminating 7 and arranging, 
te = ate + sec a sin (p — a)}x — 1 sec asin (p — a)]. (3) 


Multiplying by 2 “ and integrating, 


2 = ota + sec a sin (p — a)}x? — 21 sec a sin (p — a)ax] + Ci. 
When x = 0, # = v,? = 2k°(L — 1) = Ci, and 


(4) 
+ sec sin (p — a){x? — 2l see a sin (p — + — lL) 


giving a transcendental form for the second period of time. 


I 
I 
a 
t 
t 


1 
a 
it 
0 
0 
0 
f 
7 


1923. ] NOTES AND NEWS. 455 


Putting C; in the equation for z and then x = 1, we have z = vz. = Wig — 3k) + 2Lk’, 
the velocity of the chain when starting in its motion wholly vertical. 
(iii) For the time in falling freely under gravity through the vertical distance h — 1. 


We have 
vs = (2g(h — D + vat}, 
and then 
t3 = (v3 V2)/g. 


(iv) For the time required for the chain to become wholly heaped up at the foot of h, the 
initial velocity being v3. 

Let z = the length of chain in motion at any time after the moment ¢;; then the equation 
of motion is 


(mzz) = mgz. 
Multiplying by 222 and integrating, 
22 = 70 C2. (5) 


When z = l, 2 = 03, and C2 = [*v;? — 72 1s, and (5) is 


or 


l zdz 


The required time is ¢ = t; + to + ts + ta. 
The last integration is made by the usual methods under elliptic functions or those of Weier- 
strass. 


Also solved by J. E. REpDDEN and J. B. ReyNno ps. 
NOTES AND NEWS. 


It is hoped that readers of the MONTHLY will codperate in contributing to the general interest 
of this department by sending items to R. W. BURGESS, Brown University, Providence, R. I. 


At the meeting of the American Philosophical Society on April 10, the James 
Scott medal was awarded to Sir JosepH Taomson, for his work on the physics 
of the electron. 

Drury College, on the occasion of its fiftieth anniversary, conferred an 
honorary doctorate on Professor B. F. FInKEL, of the department of mathematics, 
founder of this MonrTHLY. 

The Tables for interior ballistics, which were issued some time ago in blue 
print form, have now been published in printed form, “For Official Use Only,” 
as “Ordnance Document, No. 2369.” These tables were computed in the 
Ballistic Section of the Ordnance Department, under direction of Professor A. 
A. Bennett. They are the first tables of the sort available for the U. S. Army, 
and are made possible by the use of certain mathematical transformations 
discovered by Professor Bennett. They render obsolete the method of individual 
trajectory computations for interior ballistics, which has been hitherto the only 
theoretically accurate procedure. 

Professor P. J. DANIELL, of Rice Institute, has been appointed to the Town 
Trust chair of mathematics at the University of Sheffield, effective January, 1924. 
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Professor W. B. Fire, of Columbia University, has been granted leave of 
absence for the first half of the academic year 1923-24. 

Professor B. H. Camp, of Wesleyan University, during his leave of absence 
for the academic year 1923-24, plans to study at the University of Paris and 
with Professor Karl Pearson at the Biometric Laboratory of University College, 
London. 

Professor E. A. KHoLopovsky, assistant professor of mathematics at the 
Polytechnic Institute of Petrograd, has been appointed assistant in the Lick 
Observatory. 

Dr. V. D. GoxkHALE, of the University of Chicago, has been appointed asso- 
ciate professor of mathematics at the University of the Philippines. 

Assistant Professor E. W. PEHrRson, of the University of Utah, has been 
promoted to an associate professorship of mathematics. 

The following appointments to instructorships of mathematics are announced: 
Mr. J. P. BALLANTINE, of the University of Chicago, at Columbia University; 
Dr. I. A. Barnett, of the University of Saskatchewan, at the University of 
Cincinnati; Dr. H. W. CHANDLER, of the University of Minnesota, at the Uni- 
versity of Florida; Mr. B. F. Dostat, of Bradley Polytechnic Institute, at the 
University of Michigan; Dr. M. M. Fe.pstern, of the University of Chicago, 
at the University of West Virginia; Miss Minnre Hoiman, of the University 
of Oregon, at the University of Wyoming; Mr. B. F. Krvpatt, of Harvard 
University, at Cornell University; Mr. T. H. Mrineg, of the University of 
Alberta, at the University of Buffalo; Dr. JEss— OsBorn, of Cornell University, 
at the University of Iowa; Mr. S. T. SparKMAN, at the University of South 


Carolina; Mr. C. E. Stout, of Case School, at Heidelberg University. Dr. I.. 


Maizuisu, of the University of Minnesota, has been appointed instructor in 
physics at Lehigh University. 

Captain D. M. Garrison, of the corps of Professors of Mathematics, U. S. 
Navy, is retiring from the Navy, and has accepted the professorship of mathe- 
matics at St. John’s College, Annapolis, Md. Captain Garrison had been a 
member of the department of mathematics at the U.S. Naval Academy for twenty 
years, and for the past five years, during the difficult period of readjustment 
following the world war, has been head of the department. He will be succeeded 
as head of the department by Commander A. J. Cuanrry, Jr., of the Corps 
ot Naval Constructors. 

At the University of Iowa, Assistant Professor W. H. Wiison is on leave 
of absence for the academic year 1923-24. Mr. R. E. Krennon, instructor of 
mathematics, has resigned to accept a position as Examiner in the Iowa State 
Insurance Department. 

At the University of Texas, Associate Professor E. L. Dopp has been promoted 
to a full professorship and made chairman of the department. Associate Pro- 
fessor R. L. Moore has been promoted to a full professorship, Adjunct Professor 
H. J. Err_inGer to an associate professorship, and Dr. P. M. BATCHELDER and 
Miss Mary DeEcHERD to adjunct professorships. 
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Professor W. H. Merz.er, of Syracuse University, has been appointed dean 
of the New York State College for Teachers at Albany. 

Dr. B. M. Turner, of the University of Illinois, has been appointed assistant 
professor of mathematics at the University of West Virginia. 

Dr. F. W. REEp, of Cornell University, has been appointed assistant professor 
of mathematics at Ohio State University. 

Dr. GrorGE RvuTLEDGE, of the Massachusetts Institute of Technology, has 
been promoted to an assistant professorship of mathematics. 

Assistant Professor J. E. Davis, of the University of Arkansas, has been 
appointed assistant professor of mathematics at Drexel Institute. 

Mr. H. T. Davis, of the University of Wisconsin, has been appointed assistant 
professor of mathematics at the University of Indiana. 

Mr. M. L. MacQueen, of the University of Wisconsin, has been appointed 
a member of the department of mathematics at the Southwestern Presbyterian 
College. 

Professor W. H. Kircuner, of the department of drawing and descriptive 
geometry at the University of Minnesota, has sabbatical leave of absence for 
the year 1923-24, and expects to spend much of his time studying at the Uni- 
versity of Palermo. 

Miss Lena R. Coe has been made head of the department of mathematics 
at Central Normal College, Danville, Ind. 

Dr. Nixa M. ALpERTON has been promoted to be head of the department 
of mathematics at Mills College. 

Professor B. R. ALLEN, of Westmoorland College, has been appointed asso- 
ciate professor of mathematics in the Kansas State Teachers College at Emporia. 

Professor A. A. McSweeny, of the College of Agriculture and Mechanic 
Arts of the University of Montana, has been appointed head of the department 
of mathematics at John Tarleton Agricultural College, Stephenville, Texas. 

Professor W. W. WeEBeER, dean and professor of mathematics at Southern 
College, Lakeland, Florida, has been appointed to the chair of mathematics in 
Lander College, Greenwood, 5. C. 

Professor W. A. Hamitton, who resigned his position at: Beloit College 
because of the manner of dismissal of one of his colleagues, has been appointed 
lecturer in mathematics at the University of Wisconsin for the coming year. 

Professor J. E. Prerce, of James Millikin University, has been made head 
of the department of mathematics at Heidelberg University. 

Professor J. A. CRAGWALL, head of the department of mathematics at Wabash 
College, has been granted a year’s leave of absence because of poor health. 
His duties are being temporarily taken over by Professor G. E. CARSCALLEN. 

Professor B. F. JoHNnson, of the Missouri State Normal School, has been 
granted leave of absence for the current academic year, and expects to spend 
the year, in part at least, at Oxford University. 

Mr. W. E. ARMENTROUT, who had been instructor of mathematics at the 
University of Wisconsin, and was under appointment as instructor at Cornell 
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University for the year 1923-24, was struck by lightning June 18, 1923, and 
instantly killed. 

Professor H. B. Leonarp of the University of Arizona represented the 
Mathematical Association at the inauguration of Dr. C. H. Marvin as president 
of the university. The American Mathematical Society was represented by 
Professor G. H. CrEssE. 

The International Congress of Mathematicians in 1924 is to meet at the 
University of Toronto, Toronto, Canada, August 4-9. The British Associa- 
tion for the Advancement of Science will hold its meetings at the same place, 
August 6-13. 

The Monruc_y is in receipt of a letter from Dr. Georg Wolff of Hannover, 
Germany, stating that, owing to the low purchasing power of the mark, it will no 
longer be possible to publish the periodical entitled Unterrichtsblitter fiir Mathe- 
matik und Naturwissenschaften unless aid is secured from abroad. To this end 
American subscriptions are solicited, the price being but 60 cents a year. Such 
subscriptions should be addressed to Studienrat E. Zieprecht, Hannover, Ger- 
many, Am Schatzkampe 11. 

With a view to stimulating on the part of the public some appreciation of 
various phases of mathematical development, the American Mathematical 
Society has established an honorary lectureship. Under the auspices of the 
Society, a scientist of the highest distinction will be invited to deliver a popular 
address on a topic in mathematics or its applications. This lectureship is to be 
called the Josiah Willard Gibbs Lectureship in honor of the greatest mathematical 
physicist which America has produced. It is proposed to have lectures at inter- 


vals of a year or more and it is expected that the first will be given in New York . 


during the winter of 1923-24. 

J. M. Witrarp, Professor of Mathematics at Pennsylvania State College, 
died at his home December 10, 1923. He was born at Orford, New Hampshire, 
February 1, 1865, and graduated from Dartmeuth with honors in Mathematics 
in 1887. He taught at Pinkerton Academy «et Derry, N. H., for three years 
and entered Johns Hopkins University for graduate study in 1890. In 1893 
he came to the Pennsylvania State College as Professor of Mathematics, in 
which position he remained until his death. 
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Professor of Mathematics and Insurance, University of Michigan 


676 + XIII pages 6 by 9 inches Cloth, $4.50 postpaid 


PART L INTEREST TABLES. 284 pages. 


Eight place compound interest functions and seven place rithms of com interest 
functions for the six fundamental functions for thirty-two rates of interest. Twelve rates under 
14%, inclusive, run from 1 to 200 years and twenty rates from 134% to 834% run from 1 to 
100 years. Twelve pages of fractional functions serve to convert installment interest functions 

% @, wo (I to twenty places of decimals for multiples of 1/24, 1/20, 


PART I. INSURANCE TABLES. 106 pages. 


American Experience table of mortality and derived functions; commutation columns and 
valuation columns, 3%, 334%, 4%; single and annual premiums and annuities, shi five funda- 
mental tables from ages. 15 to 95 and from 1 to 50 years, at 4%, viz.: accumu value of 
1, forborne life single endowment insurance, premium temporary 
insurance, temporary annuity due; Hunter’s Makehamized American table of 

ity, commutation columns, valuation columns, single premiums, ann and 
annuities for two joint lives, equal ages, 334%; United States Life Tables for white 1 and 
for white females in the original registration states: 1910, with commutation columns at 5%; 
Hunter's total and nent disability tables and commutation columns, 3%, for disability 
before age 60 and before age 65. 


PART Ill. TABLES FOR STATISTICIANS AND BIOMETRICIANS. 100 pages. 


coefficients for use in problems in the theory of distribution, 
errors; table of constants frequently used in applied mathemati 


PART] IV. LOGARITHMS. 186 pages, 


Seven place tables of common logarithms from 1 to 100,000; table for conversion of common 
into natural and natural into common logarithms. 


GEORGE WAHR, Publisher | 
Ann Arbor, : Michigan _ 


It comprises in one book all tables required by students in college and university classes in 
mathematics of finance, insurance and aunke on is printed in clear telephone type on good) ss & 
ge and bound in cloth in durable form for hard use. The book is free from text and suitable = 
or use in the examination room as well as during the regular class exercises. Thelogarithmic 
tables are designed to facilitate the work of computation where arithmometers are not available 
and to familiarize the student with the use of seven place logarithms. The following synopsia _ 
will give an idea of the contents. ; 
Areas, ordinates, and second to eighth derivatives of the normal curve of error to five places 
of decimals from‘ = oto! = 5 by intervalsof .o1; Newton's binomial, Stirling’scentraldifference, 
Bessel’s and Everett's interpolation coefficients for computing the function and the first deriva- =| 
tive; powers of numbers; roots and reciprocals and sums of reciprocals of numbers; extensive =| 
exponential growth curve tables; seven pect logarithms of the Gamma Function ofthe first — 
200 Bernouili numbers, of the number of combinations of » things r at a time ton = 64,0f 
: factorial » to » = 1000; coefficients for continuous binomial and oscillatory interpolation, 
, and so on. : 
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INDEX TO VOLUME XXXI, 1924. 
By H. 8S. Everett, Bucknell University. 


Misprinted names in the text are corrected in this index. 
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